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Zusammenfassung
Pflasterungen wie Straßenbelege oder Rollbahnen versagen im allgemeinen nicht
plo¨tzlich sondern durch allma¨hliche Degradation im Laufe der Belastungsgeschichte.
In dieser Arbeit wird eine Methode auf der Grundlage des Melan’schen Ein-
spieltheorems entwickelt, mit der die Grenzlasten fu¨r Pflasterungen unter zyklis-
chem Rollkontakt bestimmt werden kann. Die Arbeit gliedert sich in drei Haupt-
teile.
Zuerst eine Methode zur Einspielanalyse fu¨r wiederholten Linienkontakt mit
Gleitreibung sowie wiederholten stationa¨ren Linien- und Punktkontakt eingefu¨hrt.
Das Material wird als elastisch-plastisch ohne Geschwindigkeitsabha¨ngigkeit angenom-
men. Als Fließbedingungen werden das gerundete Mohr-Coulomb-, das Tresca-
und das von Mises-Fließkriterium mit assoziierter Fließregel verwendet. Das
vorgeschlagene numerische Verfahren basiert auf der Methode der finiten El-
emente und das dazugeho¨rige Optimierungsproblem zur Bestimmung der Ein-
spielfaktoren wird mit der Innenpunktmethode gelo¨st. Die Resultate werden mit
den Ergebnissen vorhergehender Untersuchungen verglichen.
Zum Zweiten wird ein erweitertes Melan’sches Theorem fu¨r Einspieluntersuchun-
gen bei nichtassoziierten Fließregeln eingefu¨hrt, um das Verhalten granulierter
Materialien besser modellieren zu ko¨nnen. Dies ist erforderlich, weil die in-
nere Reibung und die A¨nderung der physikalischen Eigenschaften, definiert durch
Dichte und Volumena¨nderung die zu einer Abweichung von der Normalita¨tsregel
fu¨hren.
Schließlich wird unter Benutzung eines einfachen Kappenmodells, Vorgeschlagen
von Sandler (1976) [85] sowie von Bathe et al. (1980) [4], kombiniert mit dem
gerundeten Mohr-Coulomb-Modell, die Beschra¨nkung des hydrostatischen Druck
in dreiachsigem Zustand in die Formulierung des Einspielproblems eingefu¨hrt.
Abstract
Pavements fail in general not by sudden collapse but by gradual deterioration
after a large number of loading cycles, in particular by rolling contact. Based
on the lower-bound theorem by Melan, the shakedown load for pavements under
cyclic rolling contact loading can be determined. The thesis is composed of three
main parts.
First, a method for the shakedown analysis of repeated sliding/rolling line contact
as well as repeated stationary line and point contacts is introduced. The mate-
rial is assumed to be rate-independent elastic-plastic. As yield conditions, the
rounded Mohr-Coulomb, Tresca and von Mises yield criteria are used, assuming
associated flow rules. The proposed numerical method is based on finite elements
and the inherent optimisation problem to determine the shakedown factors is
solved with the interior point method. The results are compared with previous
results.
Secondly, Melan’s extended theorem of shakedown analysis for non-associated
flow rules is introduced to take into account the non-associated behaviour in
granular materials. Such shakedown analysis of non-associated plasticity flow are
needed to be developed because internal friction and change of physical state
defined by density and volume changes the plastic strain increment deviates from
the normality of yield surface.
Finally, using the simple cap model proposed by Sandler (1976) [85] and Bathe
et al. (1980) [4] combined with the rounded Mohr-Coulomb, the bound on hy-
drostatic stress in triaxial condition has been introduced into the formulation of
the shakedown problem.
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1 Introduction
1.1 Overview
Due to the inherent complex behaviour of soils and granular aggregates and to
the large number of repetitions of variable loads, pavements are among the most
difficult geotechnical structures to analyze and design. In pavement design it
is desirable the most economical combination of layer thicknesses and material
types for the pavement, taking into account the subgrade or soil behaviour and
the traffic to be carried during the service life of the road. Pavements, railroads,
subgrade under machinery footings as well as foundations of marine structures
are expected to subject to a large number of variable load cycles during their
lives. Failure in pavements occurs in general by gradual deterioration, not by
sudden collapse. Through gradual accumulation of plastic strain (permanent de-
formations) resulting in form of rutting and surface cracks at particular locations
repeated loading may induce failure.
In the response of pavements to cyclic load, four regimes of behaviour can be
identified [49, 43]. (i) If the load intensities remain sufficiently low, the response
of pavements is perfectly elastic. (ii) Other load sequences may instead induce
yielding alternating in compression and tension, with “alternating plasticity” fail-
ure or low cycle fatigue in the pavement as a final result. (iii) After load sequences
of high intensities, the pavements may accumulate ultimately increments of uni-
directional plastic strain leading to complete breakdown by “incremental collapse”
or “ratchetting”. (iv) Alternatively, a load sequence may be such that after a cer-
tain number of load cycles no further permanent strains develop and the material
subsequently responds elastically. In this case, the pavement is said to have un-
dergone “shakedown” by a process of adaptation. In this work, it is to be noted
that pavements are treated as rate-independent elastic-plastic structures.
The critical load below which the shakedown occurs and above which failure by
low cycle fatigue or ratchetting is observed, is called “shakedown load” or “shake-
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down limit”. When the magnitude of repeated load is beyond the shakedown load,
pavements will fail due to excessive alternating plastic deformations leading to
low cycle fatigue and fracture of the pavement or to incremental collapse (ratch-
etting). Therefore the shakedown limit load can be used as a design parameter
for pavement structures that are subjected to repeated traffic load.
An estimation of the shakedown load of structures as well as of pavements can be
found by a step-by-step procedure or application of shakedown principles. Apart
from the unknown loading history associated with pavements, the step-by-step
procedure would not be practical in view of computation costs. Shakedown prin-
ciples therefore have been developed to assist in the analysis of elastic-plastic
structures, addressing the steady cyclic state directly without having to follow
the plastic loading history from the start.
1.2 Previous studies
Over the last two decades, growing interest in applying the fundamental shake-
down theorems of Melan (1938) [59] and Koiter (1960) [48] (also named lower
and upper bound theorem, respectively) to study the behaviour of pavements
subjected to repeated or cyclic loading conditions can be observed.
Of relevance to shakedown analysis of pavements is also the research on the wear
processes of metal surfaces subjected to rolling and sliding loads. The research
belongs to the branch of shakedown theory in contact problems. It started with
Johnson’s paper (1962) [40] in which he analyzed the plain strain response of
an elastic-plastic half-space to a rolling cylinder on its surface by using Melan’s
theorem. Later work of Johnson [44], [41] has shown that the shakedown limit
decreases with increasing surface friction. Belytschko (1972) [5] solved some plane
stress lower bound problem using finite elements where a nonlinear programming
technique was used, while Alwis and Grundy (1985) [2] analyzed the carrying
capacity of thin plates under moving loads.
Ponter et al. (1985) [76] discussed the application of the upper bound shakedown
theorem to point contact problem and showed that, for a von Mises yield condi-
tion, the mechanism of deformation consisted of slip surfaces that surrounded the
contact area and allowed a region of the surface to slide forward in the direction
of travel of rolling contact. Such mechanisms are capable of providing the exact
solution under assumption that “ploughing” component to the deformation field.
With this insight, it is then possible to evaluate a minimum upper bound corre-
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sponding to a particular slip surface. Using the concept of shakedown theory to
determine the long-term behaviour of the surface is contributed by Anderson and
Collins(1995) [3], Wong and Kapoor (1997) [109].
Sharp and Booker (1984) [88] developed firstly a semi-analytical approach for
determining the shakedown loads of pavements by using Melan’s method. With
assumption of plane strain deformation normal to the travel direction, Sharp and
Booker suggested that the problem of determining the shakedown load can be
formulated as a linear programming problem. They seem to be the first to attack
theoretically on this problem for materials with internal friction.
Many shakedown analyses of pavements in rolling and sliding contacts have based
upon the works of Johnson [40, 42, 43], Ponter et al. [76] and Sharp and Booker
[88] . The analyses can be divided into two approaches.
First, the static approach, which is based upon Melan’s theorem [59], is in the se-
quel of the basic approach of Booker and Sharp (1984) [88]. Interest has centered
around the calculation of the critical shakedown load. Booker and Sharp (1984)
[88], Raad et al. (1988, 1989a,b) [81, 80, 83], Boulbibane and Weichert (1997) [9],
Yu and Hossain (1998) [113], and Shiau and Yu (2000) [90, 91, 89] used Melan’s
theorem to formulate in terms of time-dependent residual stresses in order to
obtain a lower bound to shakedown load. Such analyses used finite-element pro-
grams to calculate the elastic stress field and a linear or non-linear programming
procedure to find the shakedown load. Boulbibane (1995) [7], Boulbibane and
Weichert(1997) [9], Boulbibane and Weichert(2000) [10] have also incorperated
elastic anisotropy and non-associated in flow rules in order to obtain shakedown
load for two dimensional problems. This approach works well for two-dimensional
models. However, the size of the linear or non-linear programming problem be-
comes prohibitively large when the more realistic three-dimensional problem is
considered.
Secondly, the kinematic approach employed the Koiter (1960)’s theorem [48] to
obtain upper estimates of the shakedown load. Collins and Cliffe (1987) [24]
showed that in the two-dimensional case the results were identical with those
obtained by Sharp and Booker’s (1984) [88] lower bound approach. It was then
demonstrated that upper bounds could be obtained with relative ease in much
more realistic three-dimensional case, where the load is assumed to be applied
over one or more circular areas. Due to Koiter’s theorem, the application of this
approach requires to postulate a failure mechanism or a family of failure mech-
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anisms. Then the elastic solution and plastic work rates are needed to establish
the problem of optimization. Detailed calculations of failures by subsurface slip
in the direction of travel in layered pavements, subjected to single or dual circu-
lar patch loadings, can be found in Collins et al. (1993) [25]. Some preliminary
results for failures by rut formation, in which the pavement material in the top
layer(s) is displaced sideways, perpendicular to the line of travel may be found in
Collins and Boulbibane (1997, 2000a) [21, 22], with some design implication dis-
cussed in Collins and Boulbibane (2000b)[23] and Boulbibane and Collins (2000)
[10]. This approach has the advantage that it introduces the pavement failure
mode explicitly. However failure mechanisms are difficult to predict in cases of
three dimensional pavements which consist of more than two non-homogeneous
layers and which are subjected to more complex effects such as temperature, wa-
ter content... due to the fact that more types of deformation are possible.
Besides the two approaches, several research in shakedown analysis of pavements
by using analytical method can also be found. Radovsky and Musrashina (1996)
[84] used an analytical method to determine the boundary loads in which shake-
down condition or steady state can be attained under repeated loading. The
distribution of the horizontal residual stress with depth generated in the half-
space can also be determined. Yu (2005) [112] developed a rigorous analytical
solutions for single layered pavement. For the case of a multilayered medium,
however, Yu ’s method (2005) [112] is no longer possible, as the elastic stress
fields cannot be determined analytically.
1.3 Motivations and aims
The surface layer of a pavement usually consists of either concrete or asphalt.
Unbounded pavements in which the surface asphaltic layer is very thin and acts
solely as a weather proofing layer and plays no structural role exist in many of
the less populated parts of the world. The strength of the pavement depends on
the properties of the base course layer or layers of prepared aggregate, and of the
pre-existing subgrade. In this thesis, the rate independent behavior is primarily
concerned, so our prime concern is with unbounded and concrete pavements.
Current designs of unbounded pavements in many countries are essentially based
on the knowledge of the elastic properties of the base course(s) and sub-grade.
However a successfully designed pavement should prevent significant permanent
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strains. The pavement designs, therefore, are more concerned with the elastic
modulus of soil and the behavior under repeated loading. The vertical compres-
sive strain, which plays a prime role in pavement design, is calculated from the
layer stiffnesses at the top of the subgrade layer and is hence elastic and fully
recoverable.
The resilient modulus of base course (or unbound aggregate bases) is an impor-
tant parameter for studying the non-linearity of elastic properties in much re-
search Seed et al. (1962), Monismith (1977), Brown (1996), Lekarp (2000ab)[86,
60, 13, 61, 54, 55]. The resilient modulus, which depends on the mean effective
stress, the deviator stress, accumulated plastic strain and moisture content, is
defined as the ratio of the repeated deviator stress to the recoverable (resilient)
axial strain. (The deviator stress is the axial stress in an unconfined compression
test or the axial stress in excess of the confining pressure in a triaxial compres-
sion test). This definition acknowledges the existence of non-recoverable (plastic)
strains, but nevertheless these are ignored in the development of the subsequent
models. There is hence a clear need to develop a pavement model which includes
permanent (i.e. plastic) as well as recoverable (elastic) strains and which pre-
dicts the various types of pavement failure, such as rut formation, surface and
subsurface slip and crack formation.
Moreover non-associated behaviour in granular materials are observed in experi-
ments [53]. Due to internal friction and change of physical state defined by density
and volume changes the plastic strain increment deviates from the normality of
yield surface. Therefore a shakedown analysis of non-associated plasticity flow
are needed to be developed.
Provided the pavement can be modelled as a time independent layered contin-
uum [88], the final “failure” of such a structure can be analyzed by the existing
methods of shakedown theory. However as emphasized before, previous studies in
Sharp & Booker (1984) [88], Raad et al. (1988, 1989a,b) [81, 80, 83], Boulbibane
and Weichert (1997) [9], Boulbibane and Weichert (2000) [10] did not consider
three-dimensional pavements by static approach, so that new solution procedures
are needed to be developed to model single and multi-layered pavements more
realistically.
As an extension of Boulbibane and Weichert (1997) [9], three-dimensional pave-
ments with associated and non-associated flow will be considered in the present
thesis. We shall restrict our analysis to repeated rolling/sliding line contact load-
ing on pavement and to two cases of stationary line contact and point contact.
6 1 Introduction
To avoid the difficulty of changing geometry, contacting bodies are replaced by
elastic-perfectly plastic half-space over whose surface a prescribed traction is re-
peated traversed. Free rolling and sliding contact will be represented by Hertzian
distribution of pressure [76].
Therefore shakedown analysis of pavements becomes the inherent shakedown
problem by using Melan’s theorem as in [59, 105, 102, 104, 103]. According
to Melan’s theorem, if any time-independent residual stress field, which is self-
equilibrated, can be found such that the total stress field of this residual stress
field and the purely elastic stress field due to the applied loads does not violate
the yield condition at every point of the structure and for all possible load combi-
nations within the prescribed bounds of the loads, then the structure will shake
down. In terms of time-independent residual stresses, the theorem leads to the
large-scale nonlinear programming problem of maximizing the shakedown factor
α with constraints of (i) self-equilibrium of time-independent residual stress field
and of (ii) plastic admissible condition of total stresses.
The developments of interior-point or barrier methods for large-scale nonlinear
programming provide attractive alternative to active set strategies in handling
such problems with large numbers of constraints. The resolution of the large-
scale nonlinear optimization problems can been carried out by using IPOPT [98,
100, 99], which is based on a primal-dual interior point algorithm with a filter
line-search method. In this thesis a transformation of inequality constraints of
the optimization problem to equality constraints by using slack variables is made.
Rounded Mohr-Coulomb [1] and von Mises yield criteria are used to control the
violation of the yield condition.
Several numerical results are presented and compared with previous results, in
particular with those obtained by Sharp and Booker [88], Johnson et al. [43], and
Ponter et al. [76].
1.4 Organization
The thesis is divided into two parts. The first part, named “Shakedown principles
in pavement analysis”, is composed of three chapters as follows:
• Chapter 2 Some basic definitions concerning the structure are recalled.
• Chapter 3 The general principles in limit and shakedown analysis are sum-
marized. Shakedown phenomena, Melan’s, Koiter’s and Ponter’s theorems
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will be recalled. Finally, the notion of shakedown analysis of pavements by
using lower bound approach is introduced.
• Chapter 4 An extended shakedown theorem for non-associated flow is
introduced. A rounded Mohr-Coulomb criterion is used to prove the bound
of energy dissipation due to inelastic effects for non-associated materials.
The second part of the thesis is dedicated to the shakedown analysis with the
help of Interior Point Method. Procedures of shakedown analysis in pavements
will be presented in three chapters:
• Chapter 5 A finite element formulation for the shakedown problem is
given. Three types of problems are defined. Firstly, the discretisation of
the purely elastic stresses is introduced, then the equilibrium of residual
stress field for two and three dimensional structures is established.
• Chapter 6 The application of the interior point method is introduced
in shakedown analysis of pavements. A transformation from the inherent
shakedown problem to the general optimization problem is performed.
• Chapter 7 Using the simple cap model proposed by Sandler (1976) [85]
and Bathe et al. (1980) [4] combined with the rounded Mohr-Coulomb, the
bound on hydrostatic stress in triaxial condition as well as the formulation
of the shakedown problem is introduced.
• Chapter 8 The developed method is applied to several problems. The
chapter is divided into three sections. Firstly shakedown analysis of rolling
and sliding line contact as well as of stationary line and point contacts over
continuum surface using the Tresca von Mises criteria is presented. Secondly
single and multi-layered pavements are analyzed by using the associated
rounded Mohr Coulomb criterion to calculate the load factors. And finally
the shakedown analysis of the pavements by considering the non-associated
behaviour is presented.
1.5 Original contributions
According to the author’s knowledge, the following points have never been pub-
lished elsewhere. So they are considered as original works:
8 1 Introduction
• Introduction of Melan’s extended theorem of shakedown analysis for non-
associated flow rules in three dimensional pavements.
• Application of the interior point method to the shakedown analysis of pave-
ments.
• Applications of the Melan’s theorem to shakedown analysis to rolling and
sliding line contact problem as well as to stationary line and point contacts
in continua.
• Applications of the Melan’s extended theorems to shakedown analysis of
single and multi-layered pavements.
• The bound on the hydrostatic stress based on Sandler’s cap model [85].
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2 Basic Definitions
Before presenting the main ideas of shakedown theory, some classical hypothesis
concerning the structure are recalled.
2.1 Compatibility and equilibrium
Let us consider an elastic-plastic body (or structure) Ω in three-dimensional space
R3, limited by the surface Γ. Mechanical fields such as displacement, strain and
stress are dependent on the position vector x ∈ Ω and the time variable t > 0.
The surface Γ consists of Γ0 and Γ1 (Γ = Γ0 ∪ Γ1, Γ0 ∪ Γ1 = ⊘), where Γ0 is the
surface on which imposed displacements u(x, t) are prescribed and the part Γ1 is
the surface on which imposed surface loads p(x, t) are prescribed.
Under the assumption of small strains, the compatibility equations relating the
strain and displacement fields are:
ǫij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
)
∀x ∈ Ω (2.1)
The displacements are subjected to boundary kinematical conditions:
u = u on Γ0 (2.2)
A displacement field u is said to be kinematically admissible (K.A.) if it satisfies
(2.2) and if there exists a strain field ǫ associated to u by (2.1). On the other
Figure 2.1: Compatibility and equilibrium
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hand, the stress field has to fulfill the equilibrium equations:
∂σij
∂xj
+ bi = 0 in Ω (2.3)
where bi is the vector field of body forces in Ω.
Let n be the unit outward normal vector to Γ. The stress field is also subjected
to boundary equilibrium equations:
pi = σijnj = pi on Γ1 (2.4)
or,
p = σn = p on Γ1 (2.5)
A stress field is said to be statically admissible (S.A) if it satisfies (2.3) and (2.4).
Obviously, ǫij and σij are both symmetric tensors of order two:
ǫij = ǫji σij = σji (2.6)
Let us denote E , S are vector spaces of strains and stresses respectively then the
work by unit volume is defined:
Wint : S × E → R (2.7)
(σ, ǫ) 7→ σ : ǫ = σijǫij (2.8)
Any K.A. displacement field u and any S.A. stress field σ satisfy the Green’s
formula or the following equation of virtual work:∫
Ω
σ : ǫ (u) dΩ =
∫
Ω
b¯ · u dΩ +
∫
Γ1
p¯ · u dΓ +
∫
Γ0
p (σ) · u¯ dΓ (2.9)
For an arbitrary set of infinitesimal virtual displacement variations δui that are
K.A., the necessary and sufficient condition to make the stress field σij equilibrium
is to satisfy the principle of virtual work:∫
Ω
σ : δǫ (u) dΩ =
∫
Ω
b¯ · δu dΩ +
∫
Γ1
p¯ · δu dΓ (2.10)
2.2 Material Model
2.2.1 Elastic perfectly plastic and rigid perfectly plastic
material models
The elastic perfectly plastic is the simplest elasto-plastic model of materials. In
this model, the material behaves elastically below the yield stress and begins to
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Figure 2.2: Elastic-plastic behaviour
yield if the stress intensity reaches the yield stress. Thus plastic deformation is
assumed to occur under a constant flow stress. The stress-strain relation of this
type of material is plotted in figure (2.2).
It is supposed that the total strain ǫij can be additively decomposed into an
elastic part ǫeij and a plastic part ǫ
p
ij.
ǫij = ǫ
e
ij + ǫ
p
ij (2.11)
The elastic part obeys Hooke’s law:
ǫeij = Dijklσkl (2.12)
whereDijkl is a fourth-rank tensor. If a material is isotropic, theDijkl is expressed
as follows:
Dijkl =
1
E
[(1 + ν) δijδkl − νδijδkl] (2.13)
where E, ν denote the Young’s modulus and Poisson’s ratio respectively, δij de-
notes Kronecker’s symbol. The stress σij can be determined by an inversion of
(2.12):
σij = D
−1
ijklǫ
e
kl (2.14)
or,
σij = 2Gǫ
e
ij +
2ν
1− 2νGδijǫ
e
ij (2.15)
where G =
E
2 (1 + ν)
is the shear modulus of elasticity. The plastic strain rate
obeys an associated flow law:
ǫ˙pij = β
∂F
∂σij
∂F
∂σkl
σ˙kl (2.16)
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with
β = 1 if F = 0 and
∂F
∂σkl
σ˙kl ≥ 0 (2.17)
β = 0


if F < 0
if F = 0 and
∂F
∂σkl
σ˙kl < 0
(2.18)
In Eq.(2.16) F = F (σij) represents the yield function defining a time-independent
yield surface such as:
• F (σij) < 0 corresponds to elastic behaviour
• F (σij) = 0 corresponds to the appearance of the plastic deformation be-
haviour
• F (σij) > 0 is physically impossible
The definition of the yield function means that the stress state cannot move
outside the yield surface. Plastic flow can occur only when the stress state is on
the yield surface and the stress increment vector dσij moves along the tangential
direction.
2.2.2 Drucker stability postulate
The materials are also assumed to be stable in Drucker’s sense stated in the
following Drucker postulate, (e.g. Chen (1988) [16]):
1. During the application of an external agency that adds load to the already
loaded body (Figure 2.3), the work done by the external agency on the
changes in displacements it produces is positive.
2. Over the cycle of application and removal of the added set of forces, the new
work performed by the external agency on the changes in the displacements
it produces is non-negative.
The first postulate is called the stability in small, while the second is termed
stability in cycle.
The Drucker stability postulate may be represented by:
σ˙ij ǫ˙ij ≥ 0 or
(
σij − σ0ij
)
ǫ˙ij ≥ 0 , stability in small∮ (
σij − σ0ij
)
dǫij ≥ 0 , stability in cycle
(2.19)
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Figure 2.3: External agency and Drucker’s stability postulate
where
∮
is the integral taken over a cycle of applying and removing the added
stress set, σij is the stress tensor on the yield surface satisfying yield condition
F (σij) = 0 , and σ
0
ij is the admissible stress tensor such that F
(
σ0ij
) ≤ 0. The
Drucker stability postulate does not have a strict thermo-dynamical basis. It
defines only a kind of materials that ensures the existence of a unique inverse
of the stress-strain relation and permits us to carry out classical elasto-plastic
analysis.
2.3 Normality rule
The plastic strain rate ǫ˙pij must be normal to the yield surface at a smooth point
or must lie between adjacent normal vectors at a corner (non-smooth point), see
figure (2.4). This rule may be represented as:
ǫ˙pij = λ˙
∂F
∂σij
(2.20)
By comparing (2.16) and (2.20)
λ˙ = β
∂F
∂σij
σ˙ij (2.21)
where λ˙ ≥ 0 is a non-negative plastic multiplier.
If n differentiable surfaces intersect at a singular point, the relationship (2.20)
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Figure 2.4: Normality rule
should be represented by [48]:
ǫ˙pij =
n∑
k=1
λ˙k
∂Fk
∂σij
σ˙ij (2.22)
2.4 Convexity of the yield surface
Materials that obey the Drucker stability postulate always have a convex yield
function F (σij) convex in the stress space σij. The plastic strain rate ǫ
p
ij as-
sociated to σij by the plastic yielding rule then satisfies Hill’s maximum power
principle [16]: (
σij − σ0ij
)
ǫ˙pij ≥ 0 (2.23)
It is important that the convexity of the yield surface permits the use of convex
programming tools in direct methods such as limit and shakedown analysis.
2.5 Elastic limit and yield criteria
The elastic limit of a material under a combined state of stresses is defined by
yield criterion in the following form:
F (σij) = Φ (σij)− k = 0 (2.24)
where the parameter k is a constant.
The criteria of von Mises, original Mohr-Coulomb and rounded Mohr Coulomb
are considered in the following sections:
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2.5.1 The von Mises yield criterion
According to von Mises (1913), the octahedral shearing stress τoct or the strain
energy of distortion is chosen to the maximum shearing stress causing yielding of
materials which are pressure independent. That is, yielding in an incompressible
material will begin when the octahedral shear stress reaches a critical value kv =
σY√
3
.
τoct =
√
2
3
kv (2.25)
Using the effective stress σeff , the von Mises criterion is expressed by:
Fvm (σij) = σ
2
eff − σ2Y ≤ 0 (2.26)
Where σY is the uniaxial yield stress of the material, and
σ2eff =
1
2
[
(σxx − σyy)2 + (σyy − σzz)2 + (σzz − σxx)2 + 6
(
σ2xy + σ
2
yz + σ
2
zx
)]
(2.27)
2.5.2 The Mohr Coulomb yield criterion
Coulomb’s law (1773) considers the failure shear stress τf in a plane to be a
function of the failure normal stress σnf on the same plane at a point, i.e.:
τf = c+ σnf tanφ (2.28)
in which c is the cohesion and φ is the angle of internal friction, both are material
constants determined by experiment.
Mohr’s criterion (1900) assumes that the failure shear stress is the only decisive
measure of impending failure of compressive materials. Using Mohr’s graphical
representation of the stress state, Eq.(2.28) means that the failure will occur if
the radius of the largest principal circle is tangent to the envelope (2.28) as shown
in figure (2.5).
The failure criterion associated with Eq. (2.28) will be referred to as Mohr-
Coulomb criterion. From Eq.(2.28) and for σ1 ≥ σ2 ≥ σ3, the criterion is written
as:
Fmc =
(
1 + sinφ
2
)
σ1 −
(
1− sinφ
2
)
σ3 − c · cosφ ≤ 0 (2.29)
Where σ1 and σ3 are maximum and minimum principal stresses.
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Figure 2.5: Mohr’s circles of stress
2.5.3 The rounded Mohr Coulomb yield criterion
The Mohr-Coulomb yield criterion is used widely in elastic-plastic geotechnical
analysis. However due to the gradient discontinuities at both the edges and the tip
of the hexagonal yield surface pyramid, numerical difficulties occur. Therefore,
Abbo and Sloan (1993) [1] proposed the hyperbolic surface (figures 2.6 and 2.7),
which can be generalized to a family of Mohr-Coulomb yield criteria in order
to eliminate the singularity at the tip as well as at the edge intersections of
the yield surface. The hyperbolic Mohr-Coulomb which is both continuous and
differentiable is summarized below.
Hyperbolic Mohr-Coulomb yield criterion:
Fhyp = σmsinφ+
√
σ2K2 (θ) + a2sin2φ− c cosφ ≤ 0 (2.30)
Mohr-Coulomb yield criterion:
Fmc = σmsinφ+ σK − c cosφ ≤ 0 (2.31)
To avoid calculating the principal stresses explicitly, the following stress invari-
ants, proposed by Nayak and Zienkiewicz [66], are used:
σm =
1
3
(σx + σy + σz) (2.32)
σ =
√
1
2
(
s2x + s
2
y + s
2
z
)
+ σ2xy + σ
2
yz + σ
2
zx (2.33)
θ =
1
3
sin−1
(
−3
√
3
2
J3
σ3
)
(2.34)
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where
sx = σx − σm; sy = σy − σm; sz = σz − σm (2.35)
J3 = sxsysz + 2σxyσyzσzx − sxσ2yz − syσ2xz − szσ2xy (2.36)
K (θ) =


A−Bsin3θ if |θ| > θT(
cosθ − 1√
3
sinφ sin θ
)
if |θ| ≤ θT
(2.37)
A =
1
3
cosθT
(
3 + tanθT tan 3θT +
1√
3
sign (θ) (tan3θT − 3tanθT ) sinφ
)
(2.38)
B =
1
3cos3θT
(
sign (θ) sin θT +
1√
3
sinφ cos θT
)
(2.39)
sign (θ) =
{
+1 for θ ≥ 0
−1 for θ < 0 (2.40)
d = c · cotφ (2.41)
In terms of the invariants σm, σ¯ and θ, the principal stresses are:
σ1 =
2√
3
σ¯sin (θ + 120◦) + σm (2.42)
σ2 =
2√
3
σ¯sin (θ) + σm (2.43)
σ3 =
2√
3
σ¯sin (θ − 120◦) + σm (2.44)
To avoid the singularities at the vertices of Mohr-Coulomb surface, a different
type of yield surface whenever θ approaches ±30◦ is assumed. In practice, the
rounded Mohr-Coulomb criterion is used whenever |θ| ≥ θT (cf. figure 2.7), where
θT is a specified transition angle. Here we choose a = 0.05c · cotφ and θT = 25◦
so that the hyperbol surface closely represents the Mohr-Coulomb surface.
2.6 Plastic dissipation function
The plastic dissipation is defined by:
Dp = max
(
σ∗ij ǫ˙
p
ij
)
= σij ǫ˙
p
ij (2.45)
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Figure 2.6: Hyperbolic approximation to Mohr-Coulomb meridional section
Figure 2.7: Rounded Mohr-Coulomb surface in the π − plane
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where σ∗ij is a plastically admissible stress tensor i.e. satisfying F
(
σ∗ij
) ≤ 0, σij
is the stress tensor satisfying yield condition F
(
σ∗ij
)
= 0.
The potential of plastic dissipation Dp is convex, since in fact we can relate it to
the yield function F by a transformation of Legendre. From the fact that λ˙F = 0,
the dissipation Dp can be written as:
Dp = σij ǫ˙
p
ij − λ˙F (2.46)
The von Mises criterion (2.26) can be rewritten in a non-dimensional form:
F = Φ− 1 =
√
J2 (sij)
kv
− 1 = 0 (2.47)
where J2 (sij) is the second invariant of stress deviator sij. Due to the incom-
pressibility condition of plasticity and the plastic flow rule (2.20), the relationship
(2.46) becomes:
Dp = σij ǫ˙
p
ij = λ˙sij
∂Φ
∂sij
= λ˙Φ = λ˙ (2.48)
where F and Dp are homogeneous functions of order 1. On the other hand,
e˙pij = ǫ˙
p
ij = λ˙
∂F
∂sij
= λ˙
sij
2k2v
(2.49)
In inverse,
λ˙ = 2k2v
√
e˙pij e˙
p
ij
√
sijsij
=
√
2kv
√
e˙pij e˙
p
ij (2.50)
and the plastic dissipation is then:
Dp = 2kv
√
J2
(
e˙pij
)
(2.51)
where J2
(
e˙pij
)
is the second invariant strain rate deviator e˙pij:
J2
(
e˙pij
)
=
1
2
e˙pij e˙
p
ij (2.52)
with
e˙pij =
√
2
3
ǫ˙pij ǫ˙
p
ij (2.53)
The dissipation function is used to calculate the internal plastic dissipation of the
structure as:
Wint =
∫
Ωp
DpdΩ (2.54)
where Ωp is the plastified region of the structure.
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2.6.1 Bounds of plastic dissipation
If the yield surface is bounded then there exist lower and upper bounds of plastic
dissipation as follows [49]:
η
∥∥ǫ˙pij∥∥ ≤ σij ǫ˙pij ≤ κ∥∥ǫ˙pij∥∥ (2.55)
with
η = inf
σ : ǫ˙p
‖ǫ˙p‖ ; κ = sup
σ : ǫ˙p
‖ǫ˙p‖ (2.56)
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3 Application of shakedown theory to
pavement analysis
3.1 Shakedown phenomenon in pavement design
Failure in pavements occurs in general by gradual deterioration, not by sudden
collapse. Through gradual accumulation of plastic strain (permanent deforma-
tions) resulting in form of rutting and surface cracks at particular locations re-
peated loading may induce failure of a body. Therefore a pavement construction
should be designed in the way that permanent deformation is prevented.
Observing the relation between the magnitude of the accumulated permanent (or
plastic) strain and stress level, several researchers [107, 106, 87, 88] concluded
that the resulting permanent strains reach eventually an equilibrium state at low
stress levels after the process of post-compaction stabilization. In other words,
no further increase in permanent strain accompanies with increasing number of
loads. At higher stress levels, however, a failure can happen due to rapid increase
and eventually instabilization of permanent strains.
For design purposes, therefore the maximum load level associated with a resilient
response must be determined and then not exceeded, if the onset of permanent
deformation is to be prevented. This has raised the possibility of the existence of
a critical stress level between stable and unstable conditions in a pavement. Such
behavior can be explained by consideration of “shakedown” concept.
The behaviour of the pavement structure Ω subjected to variable loads, can be
classified in the following way [49, 43], according to the conventional use of shake-
down theory:
1. Purely elastic: If the load intensities remain sufficiently low, the response
of the structure is purely elastic (with the exception of stress singularities).
2. Incremental collapse (or ratchetting): If the plastic strain increments in each
load cycle are of the same sign then, after a sufficient number of cycles,
the total strains (and therefore displacements) become so large that the
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Figure 3.1: Structural response to cyclic loading
structure departs from its original form and becomes unserviceable. This
phenomenon is called “incremental collapse” or “ratchetting”.
3. Alternating plasticity (or cyclic plasticity, or plastic shakedown): If the
strain increments change sign in every cycle, they tend to cancel each other
and total deformations remain small leading to “alternating plasticity”. In
this case, however, the material at the most stressed points may fail due to
low-cycle fatigue.
4. Elastic shakedown: If after some cycles plastic flow ceases to develop fur-
ther and the accumulated dissipated energy in the whole structure remains
bounded such that the structure responds purely elastically to the applied
variable loads, one says that the structure “shakes down”. The maximum
load for which elastic shakedown can be achieved is known as shakedown
limit.
Beyond this shakedown limit, two dangerous situations may happen:
• Accumulation of plastic deformations leading to incremental collapse or
ratchetting.
• Alternating plastic deformations leading to low cycle fatigue and fracture
of the structure after an important number of cycles.
Since a structure which is subjected to steady cyclic plasticity is likely in due to
course to fail by fatigue, and one which accumulates plastic strain by ratchetting
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is likely to fail by ductile fracture, the elastic shakedown limit provides a rational
design criterion for cyclically loaded structures [43].
To clarify the phenomena of shakedown one may summarize the state of the
problem in the following.
3.1.1 Definition of load domain
We study here the shakedown problem of a structure subjected to nl time-
dependent loads P
0
k (t), each of them can vary independently within a given range:
P
0
k (t) ∈ I0k where I0k =
[
P−k , P
+
k
]
=
[
µ−k , µ
+
k
]
P 0k , k = 1, nl (3.1)
These loads span a convex polyhedral domain L of nl dimensions with ml = 2nl
Figure 3.2: Load domain L
vertices in load space. Figure 3.2 shows the load domain of two variable loads.
This load domain can be represented in the following linear form [64]:
P (t) =
nl∑
k=1
µk (t)P
0
k (3.2)
where
µ−k ≤ µk (t) ≤ µ+k k = 1, nl (3.3)
Here the notion of a fictitious purely elastic structure, which has the same geom-
etry and elastic properties as the actual one, is used. The purely elastic stress
σEij (x, t) is defined as the stress that would appear in the fictitious structure if
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this structure was subjected to the same loads and boundary conditions as the
actual one. Using (3.2) one obtains:
σEij (x, t) =
nl∑
k=1
µk (t)σ
Ek
ij (x) (3.4)
where σEkij (x) denotes the stress field in the reference (fictitious) structure when
subjected to the unit load mode P 0k .
3.1.2 An intuitive criterion of shakedown
Following (3.4), let us define a load domain L such that the purely elastic stress
σE,Lij (x, t) of the structure due to L is equal to σEij (x, t) multiplied by a load
factor α:
σE,Lij (x, t) = ασ
E
ij (x, t) = α
nl∑
k=1
βk (t)σ
Ek
ij (x) (3.5)
Then the problem of shakedown analysis is to find the maximum of α, the shake-
down load factor αSD, which still guarantees that elastic deformations stabilize
everywhere in the structure. Consequently, after some time t∗ or some cycles
of loading, plastic strain ceases to develop and the structure returns to elastic
behaviour:
lim
t→∞
ǫ˙p(x, t) = 0 (3.6)
Evidently in this case, the total amount of plastic energy dissipated over any
possible load path within the domain must be finite, that is: there exists a real
constant C > 0 such that:
∀t ≥ 0,
∫ t
0
∫
Ω
σ : ǫ˙pdΩdt ≤ C (3.7)
In the other words, the total dissipation is bounded in time.
Failure due to alternating plasticity and incremental plasticity is characterized by
the fact, that plastic flow does not cease and that accumulated plastic deformation
does not become stationary.
In alternating plasticity:
∆ǫpij =
∫ t
0
ǫ˙pijdt = 0 (3.8)
In incremental plasticity:
∆ǫpij =
∫ t
0
ǫ˙pijdt 6= 0 (3.9)
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3.2 General theorems of limit analysis
Limit analysis provides a direct tool to estimate the plastic collapse load. As a
result of this the complex incremental or iterative calculations of elasto-plastic
analysis can be avoided. By using limit analysis the limit value of load under
monotonical loading is determined and the limit state of stress in the whole
structure can be evaluated. The limit load and stresses so obtained are of great
interest in practical engineering whenever the perfectly plastic model and small
deformation assumption constitute a good approximation of the material.
The general theorems of limit analysis, i.e. lower bound or upper bound theo-
rems, could be deduced from the plastic variational principle. When a complex
structure is discretized by finite element technique, the computation of limit loads
can be reformulated as a mathematical programming problem.
3.2.1 Lower bound theorem
Using Hill’s principle (cf. [69]), the lower bound theorem may be stated as the
following:
Theorem 1 The exact limit load factor αl is the largest one among all solutions
α−l corresponding to the set of all statically admissible stress fields, that is:
α−l ≤ αl (3.10)
Consequently the limit load factor can be obtained by solving the mathematical
optimization problem [62, 17]:
max α
such that:
∂σij
∂xj
+ bi = 0 in Ω
σijnj = pi on Γ1
F (σij) ≤ 0 in Ω
(3.11)
where bi denotes the body force in Ω.
3.2.2 Upper bound theorem
The upper bound theorem, which can be deduced directly from the modified
Markov variational principle (cf. [110]), is stated as following:
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Theorem 2 The actual limit load factor αl is the smallest one among all mul-
tipliers α+l corresponding to the set of all kinematically admissible velocity fields
u˙, that is:
αl ≤ α+l (3.12)
The limit load factor αl can be obtained consequently solving the mathematical
optimization problem:
min Wint =
∫
Ω
Dp (ǫ˙p) dΩ
such that: Wext =
∫
Ω
b¯
T
0 · u˙dΩ +
∫
Γ1
pT0 · u˙dΓ = 1
(3.13)
3.3 General theorems of shakedown analysis
The study of shakedown of structures is based on the following general shakedown
theorems of the theory of plasticity. For the elastic-plastic solids without strain
hardening these comprise the statical (lower bound) theorems and the kinematical
(upper bound) theorems. The theorems, which are analogous to the statical and
kinematical ones of limit loads of structures, are presented as following:
3.3.1 Lower bound theorems
The load domain of nl independent loads is defined by:
L =
{
P |P (x, t) =
nl∑
j=1
µkPk(x), µk ∈
[
µ−j , µ
+
j
]}
(3.14)
From the previous section (3.1.2), it is clear that at the shakedown state when
the plastic deformation rate ceased to develop ǫ˙pij = 0, a constant residual stress
field ρ (x) must exist. The total stress field σij (x, t) , which can be assumed as
follows,
σij (x, t) = ασ
E
ij (x, t) + ρ¯ij (x) (3.15)
does not violate anywhere the yield criterion:
F [ασEij(x, t) + ρij(x)] ≤ 0
Melan (1938) proposed the shakedown theorem for elastic-plastic solids subjected
to loads varying arbitrarily between prescribed limits [59]. Melan’s theorem may
be expressed as follows:
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Theorem 1 (Melan)
If there exist a factor α > 1 and a time-independent residual stress field ρ(x)
with
∫
Ω
ρ(x) : D−1 : ρ(x) dΩ <∞, such that for all loads P (t) ∈ L the following
inequality is satisfied,
F [ασE(x, t) + ρ(x)] ≤ 0 (3.16)
then the structure will shake down under the given load domain L.
The greatest value αSD which satisfies the theorem is called shakedown-factor.
The static shakedown theorem is formulated in terms of stresses and gives a lower
bound to αSD. This leads to the mathematical optimization problem:
max α
such that:
∂ρij
∂xj
+ bi = 0 in Ω
ρijnj = pi on Γ1
F
(
ασEij + ρij
) ≤ 0 in Ω
(3.17)
To take into account non-associated behaviour of granular materials, Boulbibane
and Weichert (1997) used the notion of “sanctuary of elasticity” introduced by
Nayroles and Weichert (1993) [67], which is identified with the plastic potential
in order to extend the Melan’s theorem [7, 9].
Theorem (Non-associated) 2 (Boulbibane and Weichert)
If there exist a factor α > 1 and a time independent residual stress field ρ(x) with∫
Ω
ρ : D−1 : ρ dΩ <∞, such that for all loads P (t) ∈ L the following inequality
is satisfied,
Q[ασE(x, t) + ρ(x)] ≤ 0 (3.18)
then the structure will shake down under the given load domain L. Here Q is the
plastic potential.
3.3.2 Upper bound theorem
Using the plastic strain field as starting point to formulate a shakedown criterion,
Koiter (1960) [48] proposed the kinematic shakedown theorem as a counterpart
of the static one. The notion of an admissible cycle of plastic strain field ∆ǫpij is
introduced, corresponding to a cycle of displacement field ∆ui. The plastic strain
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rate ǫ˙pij may not necessarily be compatible at each instant during the time cycle
T but the plastic strain accumulation over the cycle. It should be noted that the
proof of Koiter theorem is based on Melan’s theorem.
Theorem 3 (Koiter)
If any kinematically admissible mechanism of plastic collapse can be found in
which the rate of work done by the elastic stresses due to the load exceeds the rate
of plastic dissipation, then incremental collapse will take place. The ratio of the
work done by the elastic stresses to the plastic dissipation has a maximum in the
“true” mechanism of collapse, so that any other mechanism gives upper bound to
the shakedown limit.
That is,
1. Shakedown may happen if the following inequality is satisfied:
α
∫ T
0
dt
∫
Ω
σEij (x, t) ǫ˙
p
ijdΩ ≤
∫ T
0
dt
∫
Ω
Dp
(
ǫ˙pij
)
dΩ (3.19)
2. Shakedown cannot happen when the following inequality holds:
α
∫ T
0
dt
∫
Ω
σEij (x, t) ǫ˙
p
ijdΩ >
∫ T
0
dt
∫
Ω
Dp
(
ǫ˙pij
)
dΩ (3.20)
The lowest value αSD which satisfies the theorem is called shakedown-factor. The
kinematic shakedown theorem is formulated in terms of strain rates and gives a
upper bound to αSD.
This lead to the mathematical optimization problem:
min α =
∫ T
0
dt
∫
Ω
Dp
(
ǫ˙pij
)
dΩ∫ T
0
dt
∫
Ω
σEij (x, t) ǫ˙
p
ijdΩ
such that:
∆ǫpij =
∫ T
0
ǫ˙pijdt
∆ǫpij =
1
2
(
∂∆ui
∂xj
+
∂∆uj
∂xi
)
in Ω (3.21)
∆ui = 0 on Γ0
With derivation from Melan’s theorem, Ponter (1976) [72] proposed a partic-
ular form for the kinematic hardening in terms of a functional property of the
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constitutive relationship. Based on the fact that a kinematically hardening ma-
terial can achieve shakedown partly by developing residual stresses ρij, but also
by a displacement of the center of the yield locus or “back stress” αij, a general
sufficient condition for shakedown is formulated as the following
Theorem 4 (Ponter)
Shakedown will occur when there exists some plastic strain distribution ǫ∗ij such
that:
F (σ∗ij − cǫ∗ij) ≤ 0, σ∗ij = σˆij + ρij (3.22)
throughout Ω from some elastic solution σˆij corresponding to initial velocities ˙ˆuij
and some residual stress field ρij.
As there is no limit to the values of ǫ∗ij, this result may be simplified further on
noting that ǫ∗ij and ρij remain constant in time, provided ǫ
∗
ij and ρij both exist
through the volume. Hence:
Theorem 5 (Ponter)
Shakedown will occur if there exists an effective residual stress distribution ρij
through the volume such that:
F (σˆij(t)− ρij) ≤ 0 (3.23)
for some elastic solution corresponding to initial velocities ˙ˆui(0), where ρij =
cǫ∗ij +ρij needs not satisfy any field equation and needs not to be continuous. The
quantity cǫ∗ij = αij plays the role of “back stress”.
3.3.3 Concluding remarks
The numerical application of Melan’s theorem using the finite element method
has some advantages in comparison with the use of Koiter kinematical condition:
1. It permits us to avoid the non-differentiability of the objective function in
kinematic formulation.
2. The incompressibility of plastic flow does not appear as constraints.
On the other hand, the implementation of the static theorem suffers from nonlin-
ear inequality constraints (in the case of using the von Mises yield criterion) while
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in the kinematic formulation the nonlinear terms are transferred into objective
function.
If there exists a solution for the residual stress satisfying Melan’s static condition
everywhere then the formulation (3.17) has its bounding character: the load
factor provides a lower bound to the exact shakedown load multiplier. However
it should be noted that this bounding character is valid only if the following three
conditions are satisfied, see Stein et al. (1993) [94, 95, 97]:
1. The fictitious elastic stress field is calculated exactly for all points x in Ω
and for all load vertices of the given load domain.
2. The static equilibrium condition and the static boundary condition for the
residual stress distribution are satisfied exactly for all points x in the volume
Ω or on the surface Γ1.
3. The yield condition is satisfied exactly for all points x in Ω.
In view of these three requirements, it seems reasonable to use the stress method
with elements having special shape functions to obtain a residual stress field
satisfying the static equilibrium condition and a statically admissible elastic field.
In that way we may hope to obtain the lower bound of shakedown limit load
factor. In trying to do so, Weichert and Gross-Weege (1988) [101], Boulbibane
and Weichert(1995) [7] used Airy stress function to construct the required residual
as well as elastic fields for analyzing plane stress problems. However this approach
has some difficulties (Stein et al. 1993) [94, 95, 97]:
1. The fictitious elastic stresses determined by the finite element method are
generally an approximation of exact values.
2. When the chosen stress functions are complex, yield condition can hardly
be satisfied for all points x in Ω.
Therefore, except for some special cases, load multipliers determined numerically
by the finite element methods possess no bounding character.
Although the stress method seems to be the most appropriate for the analysis
of the static shakedown problem because this problem is formulated in terms of
stresses, the method is restricted since for certain structures it is very difficult
to find appropriate stress function, e.g. for plate and shell structures. Thus, in
order to make the numerical approach as general as possible the displacement
method is preferred. Following this way we also apply the lower bound method
with the displacement method to formulate the shakedown problem.
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3.4 Pavement model
The analysis of three-dimensional layered pavements subjected to wheel loads of
varying magnitude, contact area and spatial distribution, represents a problem
of considerable complexity. The first passage of a load which exceeds the elastic
limit of the material of one or both rolling bodies gives rise to three effects, each
of which tends to inhibit plastic deformation on the subsequent loading cycles
[76, 74, 73]:
1. residual stresses appear,
2. the material may strain-harden or soften,
3. the profiles of the contacting bodies may become more conforming so that
the intensity of contact stress caused by a given load is reduced.
Here, the contact zone and the contact stress distribution are assumed to be
independent of the occurring plastic strains. In the thesis, we will also consider
neither hardening nor softening so that the two latter effects will be put aside.
To avoid the difficulty of changing geometry, contacting bodies are replaced by
the elastic-perfectly plastic half-space over whose surface a precribed traction
is traversed repeatedly. Free rolling and sliding contact will be represented by
Hertzian distribution of pressure. We shall restrict our analysis to repeated rolling
and sliding contact loading on pavement surface for the two cases of line contact
and point contact.
A patch of load (such as point contacting or line contacting load) will traverse
from y = −∞ to y = ∞ such that any point along y direction has the same
loading history. Therefore shakedown analysis of the pavements becomes the
inherent shakedown problem by using Melan’s theorem as in [102, 104, 103].
This means that any section across y direction can be a critical one. The stress
distribution at shakedown state will be obtained from the residual stress field
which is a solution of optimization by using lower-bound approach.
3.4.1 Definition of pavement loading
3.4.1.1 Line contact
Due to transverse variation in position of contact area, the pavement model could
be represented as rigid long cylinder repeatedly rolling and sliding over a half
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Figure 3.3: Line contact
space [88]. Instead of trapezoid distribution of contact pressure, we can then
assume the pressure distribution under a roller by semi-cylindrical distributions
for both vertical and horizontal loading over a half-space. This assumption makes
the model more realistic [111].
Free rolling contact will be represented by a Hertzian distribution pressure:
p (x, y) = p0
√
1− x
2
a2
(3.24)
When sliding accompanies rolling, additional shear traction will act in x direction
on the same area
q (x, y) = µfp0
√
1− x
2
a2
(3.25)
where µf is the coefficient of friction and p0 =
2P
πa
These distributions of traction traverse over the surface (z = 0) in a direction
parallel to the x-axis. Dimension a of the contact area remains unchanged.
3.4.1.2 Point contact
When a single wheel and a pavement are brought into contact under the action of
the static wheel load, the area of contact and the pressure distribution are usually
calculated by the Hertz theory. Here, we assumed that the area of contact is
circular and the normal and tangential pressure distribution are as follows. This
means that the pavement model can be represented as a half space over which a
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sphere repeatedly rolls and slides [76]. Similarly as the line contact a rectangular
parallelepiped is used to represent the half space.
0Y
Z
X
Figure 3.4: Point contact
Hertzian normal pressure distribution:
p (x, y) = p0
√
1− x
2
a2
− y
2
b2
(3.26)
When sliding accompanies rolling, an additional shear traction will be taken to
act in x direction on the same area
q (x, y) = µfp0
√
1− x
2
a2
− y
2
b2
(3.27)
where µf is the coefficient of friction and p0 =
3P
2πab
=
3P
2πa2
These distributions of traction traverse over the surface (z = 0) in a direction
parallel to the x-axis. Dimension a of the contact area remains unchanged.
3.4.2 Geometry and boundary conditions
Because only the effective zone around the critical cross section where a patch of
load is prescribed is concerned, the pavement now can be modeled by a rectan-
gular parallelepiped with the size of 40a × 10a × 20a (Fig. 3.3 and 3.4) and is
discretised by 3D 8-node isoparametric elements (or “brick” elements). In terms
of the shakedown problem, the solution depends upon the elastic stress distri-
bution. So the size of the model is chosen by the requirement that the elastic
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solution only depends upon the average pressure in the contact region and Pois-
son’s ratio. In the other words, the elastic solutions will be independent of the
Young’s modulus and of the contact region radius. The parameters can be chosen
any values. Using the finite element solution for the elastic contact problem, we
then try to make use of these properties so that the elastic stresses from the finite
element solution for the contact problems match that of analytical method in
[42, 37].
Boundary conditions are assumed as shown in figure (3.5).
Figure 3.5: Boundary conditions
3.5 Shakedown analysis of pavements by using
the lower bound approach
3.5.1 Problem definition
We consider the pavement as a rectangular parallelepiped that is subjected to
a surface contact loading limited in a circle of radius a in point contact or in
a rectangle of a × b in line contact, as shown in figures (3.3) and (3.4). The
pavements are subjected time-dependent loads p(t) = µ1(t)p0 and q(t) = µ2(t)q0
where µ1, µ2 ≥ 0, each of them can vary independently within a given range.
These loads form a convex polyhedral domain L of nl dimensions with ml = 2nl
vertices in load space. Figure (3.2) shows the load domain for two variable loads.
This load domain can be represented in the following linear form:
L =
{
P (x, t)|P (x, t) =
nl∑
k=1
µk (t)P
0
k
}
(3.28)
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where
µ−k ≤ µk (t) ≤ µ+k , with k = 1, nl and nl = 2.
P 01 = p0; P
0
2 = q0.
If the loads traverse along the y-direction, we need to determine the load factor
αSD at which shakedown of pavements can occur.
The purely elastic stress σEij (x, t) is defined by (3.4) as the stress would appear
in a fictitious purely elastic structure subjected to the same loads as the actual
one.
σEij (x, t) =
nl∑
k=1
µk (t)σ
Ek
ij (x) (3.29)
where σEkij (x) denotes the stress field in the reference (fictitious) structure when
subjected to the unit load mode P 0k .
3.5.2 Elimination of time variable
It is impossible to apply Melan’s theorem to find directly the shakedown limit
in practical computation due to the presence of the time-dependent stress field
σEij (x, t) in (3.16). The obstacle can be overcome with the help of the two convex-
cycle theorems by Ko¨nig and Kleiber (1978) [50].
Theorem 6 Shakedown will occur for a given load domain L if and only if it
occurs for the convex envelope of L.
Theorem 7 Shakedown will occur for any load path within a given load domain
L if it occurs for a cyclic load path containing all vertices of L.
These theorems, which hold for convex load domains and convex yield surfaces,
permit us to consider one cyclic load path instead of the entire loading history.
They allow us to examine only the stresses at every vertex of the given load
domain instead of computing an integration over the time cycle. Based on these
theorems, Ko¨nig and Kleiber suggested a load scheme as shown in figure (3.6) for
two independently varying loads.
Using the above theorems to eliminate time-dependent elastic stress field σEij (x, t),
we consider a special load cycle (0, T ) passing through all vertices of the load
domain L such as:
P (x, t) =
ml∑
k=1
δ (tk) Pˆk(x) (3.30)
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Figure 3.6: Critical cycles of load for shakedown analysis
where ml = 2
nl is the total number of vertices of L, nl is the total number of
loads (in our case nl = 2), δ (tk) is the Dirac function defined by:
δ (tk) =
{
1 if t = tk
0 if t 6= tk
(3.31)
where tk is the time instant when the load cycle passes through the vertice Pˆk.
Obviously, the Melan condition required in the whole load domain will be satisfied
if and only if it is satisfied at all vertices (or the above special loading cycle)
of the domain due to the convex property of load domain and yield function.
This remark permits us to replace the time-dependent stress field by its values
calculated only at load vertices. Then the static shakedown theorem becomes:
Theorem 8 If there exist a factor α > 1 and a time-independent residual stress
field ρ(x) with
∫
Ω
ρ : D−1 : ρ dΩ <∞, such that for all loads P(t) ∈ L the yield
condition is satisfied,
F [ασE(x, Pˆk) + ρ(x)] ≤ 0 (3.32)
then the structure will shake down under the given load domain L.
This leads to the mathematical optimization problem
max α
such that:
∂ρij
∂xj
+ bi = 0 in Ω
ρijnj = pi on Γ1
F
(
ασEij(x, Pˆk) + ρij
)
≤ 0 in Ω ∀k = 1,ml
(3.33)
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3.5.3 Shakedown domain
To investigate the shakedown domain, let us consider the problem of two loads
P1 and P2 which has loading domain as in Figure (3.2). Due to proportionality
between loads and stresses, the shakedown domain is the biggest rectangle in
space of loads, which is defined by:
P SDi = αSDP
0
i (3.34)
The residual stress field so determined is common to all corners of the biggest
rectangle due to time independence of the residual stress field.
By repeating this procedure for several ratio P1
P2
, we get several loading points
which are on the limit of the shakedown domain. According to Morelle (1980)
[63], we deduce that the shakedown domain may be determined by the polygonal
line joining all obtained points [96], see figure (3.7).
Figure 3.7: Determination of shakedown domain
If the load domain αL shrinks to the point of a single monotone load, limit
analysis is obtained as special case.
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4 The extended shakedown theorems for
non-associated plasticity
In this chapter Melan’s extended theorem proposed by Boulbibane and Weichert
(1997) and its proof [9] are rewritten with the usage of the rounded Mohr-Coulomb
criterion. Then another Melan’s extended theorem with consideration of both
yield and plastic potential conditions is introduced.
4.1 Non-associated behaviour:
Granular soils have non-associated behavior. Due to internal friction and the
change of physical state defined by density and volume changes the plastic strain
increment deviates from the normality. Therefore, we need an constitutive law of
non-associated plasticity flow.
Using associated flow rule to model behaviour of granular materials will lead
two following drawbacks. Firstly, the magnitude of the plastic volumetric strains
(i.e. the dilation) is much larger than that observed in real soils, and secondly,
once the soil yields it will dilate for ever. Real soil, which may dilate initially
on meeting the failure surface, will often reach a constant volume condition (i.e.
zero incremental plastic volume metric strains) at large strains.
The first drawback can be partly rectified by adopting a non-associated flow rule,
where the plastic potential function is assumed to take a similar form to that of
the yield surface (2.31) or (2.30), but with the frictional angle φ replaced by the
angle of dilation ψ.
4.2 Formulation of the elastic-plastic constitu-
tive matrix
A stress state σij is safe if it satisfies the yield criterion:
F (σij, qij) ≤ 0 (4.1)
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where σij denotes stress state, qij denotes vector of internal parameters, including
hardening. Here we assumed that q is a function of plastic strains, i.e. q = q(ǫpij)
The plastic potential function, which is used to determine the direction of plastic
rate, is given by:
Q(σij) = g(σij)− const = 0 (4.2)
In case of non-asscociated flow plastic potential Q is different from the yield
surface, i.e. Q 6= F .
A flow rule, which specifies the direction of plastic strain, is given by:
dǫpij = dλ
∂Q
∂σij
with dλ ≥ 0 (4.3)
where dλ a scalar plastic multiplier, which determines absolute magnitudes of
strain increments.
When the material is plastic the stress state σij must satisfy the yield criterion
F (σij, qij) = 0. Consequently, the consistency condition is defined by:
dF (σij, qij) =
{
∂F
∂σij
}T
{dσij}+
{
∂F
∂qij
}T
{dqij} (4.4)
Due to q = q(ǫpij), we have
dF (σij, qij) =
{
∂F
∂σij
}T
{dσij}+
{
∂F
∂qij
}T {
∂qij
∂ǫpij
}{
dǫpij
}
(4.5)
Using (4.3) and defining the hardening modulus H by:
H(x, t) = −
(
∂F
∂qij
)(
∂qij
∂ǫpij
)(
∂Q
∂σij
)
(4.6)
Then the consistency condition (4.5) becomes:
{
∂F
∂σij
}T
{dσij} −Hdλ = 0 (4.7)
The incremental stresses dσij are related to the incremental elastic strains dǫ
e by
the elastic constitutive matrix D in the form:
dσij = Dijkldǫ
e
kl = Dijkl(dǫkl − dǫpkl) (4.8)
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where, Dijkl is the constant, fourth order elasticity tensor with usual symmetries.
Taking into account (4.3), (4.8) becomes:
dσij = Dijkl
(
dǫkl − dλ ∂Q
∂σkl
)
(4.9)
Substitution of (4.9) into (4.7), we get:
{
∂F
∂σij
}T
Dijkl
(
dǫkl − dλ ∂Q
∂σkl
)
−Hdλ = 0 (4.10)
Finally, for F = 0 and
{
∂F
∂σij
}T
{dσij} ≥ 0, we have:
dλ =
{
∂F
∂σij
}T
Dijkldǫkl
H +
{
∂F
∂σsr
}T
Dsrpq
∂Q
∂σpq
(4.11)
Substitution of (4.11) into (4.9) gives:
dσij = Dijkl
(
dǫkl − dλ ∂Q
∂σkl
)
= Dijkldǫkl −
Dijab
∂F
∂σab
∂Q
∂σsr
Dsrkl
H +
∂F
∂σmn
Dmnpq
∂Q
∂σpq
dǫkl (4.12)
The elastic-plastic tangent modulus tensor is now defined by:
Depijkl =


Dijkl −
Dijab
∂F
∂σab
∂Q
∂σsr
Dsrkl
H +
∂F
∂σmn
Dmnpq
∂Q
∂σpq
for F = 0 and
∂F
∂σij
dσij ≥ 0
Dijkl for F < 0 or F = 0,
∂F
∂σij
dσij < 0
(4.13)
It should be noted that Depijkl is not symmetry due to Q6=F.
Increment of strains is obtained by:
dσij = Dijkldǫ
e
kl (4.14)
So, increment of strains is obtained by the inversion of (4.14)
dǫij = A
ep
ijkldσkl (4.15)
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where pseudo-stiffness tensor Aepijkl =
(
Depijkl
)−1
, that is:
A
ep
ijkl =



Dijkl −
Dijab
∂F
∂σab
∂Q
∂σsr
Dsrkl
H +
∂F
∂σmn
Dmnpq
∂Q
∂σpq


−1
for F = 0 and
∂F
∂σij
dσij ≥ 0
(Dijkl)
−1 for F < 0 or F = 0,
∂F
∂σij
dσij < 0
(4.16)
Using Sherman-Morrison formula [12], finally we have
A
ep
ijkl =


D−1ijkl +
1
H
∂Q
∂σij
∂F
∂σkl
for F = 0 and
∂F
∂σij
dσij ≥ 0
D−1ijkl for F < 0 or F = 0,
∂F
∂σij
dσij < 0
(4.17)
In general, Aep > 0 for H > Hcr with
Hcr =
1
2
{[(
∂F
∂σsr
Dsrpq
∂F
∂σpq
)(
∂Q
∂σsr
Dsrpq
∂Q
∂σpq
)] 1
2
− ∂F
∂σsr
Dsrpq
∂Q
∂σpq
}
≥ 0 (4.18)
4.3 The extended shakedown theorem 1
4.3.1 Assumptions
The following assumptions are made:
• Strains are small.
• Material is isotropic.
• Elasto-plastic material behaviour.
• Linear kinematic hardening.
• Plastic potential is inside the yield criterion.
4.3.2 Statement of theorem
Theorem 1 (Non-associated)
If there exist a factor α > 1 and a time independent residual stress field ρ¯(x)
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with
∫
Ω
ρ¯ :D−1 : ρ¯ dΩ <∞, such that for all loads P (t) ∈ L the total stress field
does not violate the plastic potential condition:
Q[ασE(x, t) + ρ¯(x)] ≤ 0 (4.19)
then the structure will shake down elastically under the given load domain L.
4.3.3 Proof
We will prove the boundedness of dissipation due to inelastic effects for non-
associated materials [7, 9].
Energy of plastic deformations is introduced by:
Π =
1
2
∫
Ω
(ρij(x, t)− ρ¯ij(x))Aepijkl (ρkl(x, t)− ρ¯kl(x)) dΩ (4.20)
where the field of residual stresses due to plastic strains is given by:
ρij(x, t) = σij(x, t)− σ(e)ij (x, t) (4.21)
and the time independent fictitious field of residual stresses is given by:
ρ¯ij(x) = σ
s
ij(x, t)− σ(e)ij (x, t) (4.22)
In the above relations, we denote:
σ(x, t): the real stress field.
σs(x, t): the safe state of stress (i.e. stress field when body shakes down)
σ(e)(x, t) = ασE(x, t): the purely elastic time-independent stress field in a refer-
ence solid Ω = Ωe
Aepijkl is assumed to be independent with respect to time and is given by equation
(4.17) , so the equation (4.20) can be written as follows:
Π =
1
2
∫
Ω
(ρij − ρ¯ij)D−1ijkl (ρkl − ρ¯kl) dΩ
+
1
2
∫
Ω
(ρij − ρ¯ij)
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
D−1ijkl (ρkl − ρ¯kl) dΩ (4.23)
where ρij, ρij are time dependent and time independent, respectively.
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Then the derivative of Π with respect to time becomes:
dΠ =
d
dt
[
1
2
∫
Ω
(ρij − ρ¯ij)D−1ijkl (ρkl − ρ¯kl) dΩ
+
1
2
∫
Ω
(ρij − ρ¯ij)
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
D−1ijkl (ρkl − ρ¯kl) dΩ
]
= 2 · 1
2
∫
Ω
(ρij − ρ¯ij)D−1ijkldρkldΩ
+2 · 1
2
∫
Ω
(ρij − ρ¯ij)
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
D−1ijkldρkldΩ
=
∫
Ω
(ρij − ρ¯ij)D−1ijkldρkldΩ
+
∫
Ω
(ρij − ρ¯ij)
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
D−1ijkldρkldΩ (4.24)
Substitution of (4.21) and (4.22) and taking account the definition of residual
strain dǫrij = D
−1
ijkldρkl, we get:
dΠ =
∫
Ω
(
σij − σsij
)
dǫrijdΩ +
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
)
dǫrkldΩ (4.25)
With decomposition of total strain increment:
dǫij = dǫ
(e)
ij + dǫ
r
ij + dǫ
p
ij (4.26)
(4.25) becomes:
dΠ =
∫
Ω
(
σij − σsij
) (
dǫij − dǫ(e)ij − dǫpij
)
dΩ
+
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
) (
dǫij − dǫeij − dǫpij
)
dΩ (4.27)
dΠ =
∫
Ω
(
σij − σsij
) (
dǫij − dǫ(e)ij
)
dΩ−
∫
Ω
(
σij − σsij
)
dǫpijdΩ
+
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
) (
dǫij − dǫ(e)ij
)
dΩ
−
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
)
dǫpijdΩ
(4.28)
=
∫
Ω
(
σij − σsij
) (
dǫij − dǫ(e)ij
)
dΩ−
∫
Ω
(
σij − σsij
)
dǫpijdΩ
+
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
) (
dǫij − dǫ(e)ij
)
dΩ
−
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
)
dǫpijdΩ
(4.29)
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Because dǫij and dǫ
(e)
ij are kinematically admissible fields of strain increments, we
apply the theorem of virtual work (2.10) (Gauss’s theorem),∫
Ω
(
σij − σsij
) (
dǫij − dǫ(e)ij
)
dΩ = 0 (4.30)
and obtain:
dΠ = −
∫
Ω
(
σij − σsij
) (
dǫpij
)
dΩ
−
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
) (
dǫpij
)
dΩ (4.31)
(4.31) can be splitted up as follows:
dΠ = dΠ1 + dΠ2 (4.32)
with,
dΠ1 = −
∫
Ω
(
σij − σsij
) (
dǫpij
)
dΩ (4.33)
and
dΠ2 = −
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
) (
dǫpij
)
dΩ (4.34)
In the following, we prove dΠ < 0 so that Π is bounded
• For dΠ1 , from Q(σsij) < 0 follows that
(
σij − σsij
) (
dǫpij
)
> 0 (due to Hill’s
principle).
Therefore,
dΠ1 = −
∫
Ω
(
σij − σsij
) (
dǫpij
)
dΩ ≤ 0, ∀σij, σsij, ǫpij (for any case)(4.35)
• For dΠ2, as an extension of Boulbibane and Weichert (1997), we consider
the three dimensional half space, with assumption of isotropic behaviour
(E, ν) and perfectly plastic behaviour with Mohr-Coulomb yield criterion,
hardening material with H > 0, then we consider two following cases:
a. Mohr-Coulomb yield criterion:
Fmc =
(
1 + sinφ
2
)
σ1 −
(
1− sinφ
2
)
σ3 − c · cosφ ≤ 0 (4.36)
where,
φ is the frictional angle, c is the cohesion
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σ1 and σ3 are the maximum and minimum principal stresses.
Plastic potential is assumed to take a similar form to that of the yield
surface, but replaces with the frictional angle φ by the dilatancy angle ψ.
Q =
(
1 + sinψ
2
)
σ1 −
(
1 + sinψ
2
)
σ3 − cQ cosψ = 0 (4.37)
Then, gradients of F and Q with respects to principle stresses are:
∂F
∂σ
=
{
∂F
∂σ1
∂F
∂σ2
∂F
∂σ3
0 0 0
}
=
{
1
2
(1 + sinφ) 0
1
2
(1 + sinφ) 0 0 0
}
(4.38)
∂Q
∂σ
=
{
∂Q
∂σ1
∂Q
∂σ2
∂Q
∂σ3
0 0 0
}
=
{
1
2
(1 + sinψ) 0
1
2
(1 + sinψ) 0 0 0
}
(4.39)
Tensor of elasticity is defined by:
D =
E
(1 + ν)(1− 2ν)


1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0
1− 2ν
2
0 0
0 0 0 0
1− 2ν
2
0
0 0 0 0 0
1− 2ν
2


(4.40)
So,
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
=
E
2H (1 + ν) (1− 2ν) (1− 2ν + sinφ+ sinψ) > 0 (4.41)
due to 0 < φ < ψ < π
2
, ν ≤ 0.5
On the other hand, according to Hill’s principle (2.23), we have:
(
σij − σsij
) (
dǫpij
)
> 0 (4.42)
Therefore,
dΠ2 = −
∫
Ω
[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
] (
σij − σsij
) (
dǫpij
)
dΩ < 0 (4.43)
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From (4.35) and (4.43):
dΠ = dΠ1 + dΠ2 < 0 (4.44)
This proves that the evolution of plastic strains must be ceased beyond a
certain time and the quadratic form is bounded. In the other words, the
total dissipation is bounded with respect to time.
That means the intuitive criterion of shakedown (3.6) is satisfied.
b. Rounded Mohr-Coulomb yield criterion:
Similarly, shakedown exists if the following condition is satisfied[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
≥ 0 (4.45)
where[
1
H
∂F
∂σsr
Dsrpq
∂Q
∂σpq
]
=
E
H (1 + ν) (1− 2ν) ×
×
{[
(1− ν)
(
Ch3
∂J3
∂σ1
+
1
2
Ch2 σ¯s1 +
sinφ
3
)
+ ν
(
Ch3
∂J3
∂σ2
+
1
2
Ch2 σ¯s2 +
sinφ
3
)
+ν
(
Ch3
∂J3
∂σ3
+
1
2
Ch2 σ¯s3 +
sinφ
3
)](
Ch3
∂J3
∂σ1
+
1
2
Ch2 σ¯s1 +
sinψ
3
)
+
[
ν
(
Ch3
∂J3
∂σ1
+
1
2
Ch2 σ¯σ1 +
sinφ
3
)
+ (1− ν)
(
Ch3
∂J3
∂σ2
+
1
2
Ch2 σ¯s2 +
sinφ
3
)
+ν
(
Ch3
∂J3
∂σ3
+
1
2
Ch2 σ¯s3 +
sinφ
3
)](
Ch3
∂J3
∂σ2
+
1
2
Ch2 σ¯s2 +
sinψ
3
)
+
[
ν
(
Ch3
∂J3
∂σ1
+
1
2
Ch2 σ¯s1 +
sinφ
3
)
+ ν
(
Ch3
∂J3
∂σ2
+
1
2
Ch2 σ¯s2 +
sinφ
3
)
+(1− ν)
(
Ch3
∂J3
∂σ3
+
1
2
Ch2 σ¯s3 +
sinφ
3
)](
Ch3
∂J3
∂σ3
+
1
2
Ch2 σ¯s3 +
sinψ
3
)}
(4.46)
with Ch1 , C
h
2 and C
h
3 are defined as given in (A.1.1),
∂J3
∂σ
=


∂J3
∂σ1
∂J3
∂σ2
∂J3
∂σ3
0
0
0


=
σ¯2
3


s2s3
s1s3
s1s2
0
0
0


+
σ¯2
3


1
1
1
0
0
0


(4.47)
and
s1 = σ1 − σm; s2 = σ2 − σm; s3 = σ3 − σm (4.48)
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In both cases of the Mohr-Coulomb and the rounded Mohr-Coulomb criteria, it
should be noted that in case H < 0, shakedown may occur if |dΠ1| > dΠ2 .
For absence of any hardening H = 0, then dΠ2 = 0 and the proof of the two
criteria takes obviously a simplified form.
4.4 The extended shakedown theorem 2
4.4.1 Assumptions
Adopting a non-associated flow rule, in general, the plastic potential can be de-
fined as follows [78]:
Qhyp = σmsinψ +
√
σ2K2 (θ) + a21sin
2ψ − app sinψ ≤ 0 (4.49)
where a1 = app − ctanφ
While the yield surface is fixed in σm − σ¯ − θ space, the plastic potential surface
can move so as to pass through the current stress state as shown in figure (4.1).
This is acceptable as only the derivatives of the plastic potential with respect to
the stress components are needed to form the elasto-plastic constitutive matrix
Dep.
The elastic region now is limited by a non-smooth surface. The yield and potential
surfaces intersect at a singularity point where the relationship (2.22) is assumed
for the both surfaces.
4.4.2 Statement of theorem
Theorem 2 (Non-associated)
If there exist a factor α > 1 and a time independent residual stress field ρ(x)
with
∫
Ω
ρ :D−1 : ρdΩ <∞, such that for all loads P (t) ∈ L it is satisfied,
Yield criteria condition: F [ασE(x, t) + ρ(x)] ≤ 0 (4.50)
Plastic potential condition: Q[ασE(x, t) + ρ(x)] ≤ 0 (4.51)
then the structure will shake down under the given load domain L.
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Figure 4.1: Relationship between the yield and plastic potential functions [78]
4.4.3 Shakedown condition at the singular point
The shakedown condition at different stress states except the singular point can
be determined as the following. If the stress states are on the yield surface, the
shakedown condition in Melan’s theorem is used. If stress states belong to the
potential surface, the shakedown condition in the theorem 1 is used. Therefore
we need only to find the shakedown condition at the singular point.
At the singular point, using the relationship (2.22), the elastic-plastic tangent
modulus [92] is defined by:
Dep = D−
∑
α,β∈Jact
gαβ
[
D :
∂fα
∂σ
]
⊗
[
D :
∂fβ
∂σ
]
(4.52)
where Jact = {1, 2} is the number of constraints active at a given point (σ, q) ∈ Γ
gαβ (σ, q) :=
[
∂fα
∂σ
: D :
∂fβ
∂σ
+
∂fα
∂q
: H :
∂fβ
∂q
]
(4.53)
and ∑
β∈Jact
gαβ (σ,q) gβγ (σ,q) = δ
α
γ (4.54)
whereH is refered as the matrix of generalized hardening moduli. For simplicity
throughout exposition, we assume that H is a constant, symmetric, positive-
definite matrix.
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Expansion of (4.54), we get:
2∑
β=1
gαβ (σ,q) gβγ (σ,q) = g
α1 (σ,q) g1γ (σ,q) + g
α2 (σ,q) g2γ (σ,q) (4.55)
The system of (4.55) is written more explicitly as follows:
g11 (σ,q) g11 (σ,q) + g
12 (σ,q) g21 (σ,q) = δ
1
1 = 1
g11 (σ,q) g12 (σ,q) + g
12 (σ,q) g22 (σ,q) = δ
1
2 = 0
g21 (σ,q) g11 (σ,q) + g
22 (σ,q) g21 (σ,q) = δ
2
1 = 0
g21 (σ,q) g12 (σ,q) + g
22 (σ,q) g22 (σ,q) = δ
2
2 = 1 (4.56)
where
g11 =
∂F
∂σ
: D :
∂F
∂σ
+
∂F
∂σ
: H :
∂F
∂σ
(4.57)
g12 =
∂F
∂σ
: D :
∂Q
∂σ
+
∂F
∂σ
: H :
∂Q
∂σ
(4.58)
g21 =
∂Q
∂σ
: D :
∂F
∂σ
+
∂Q
∂σ
: H :
∂F
∂σ
(4.59)
g22 =
∂Q
∂σ
: D :
∂Q
∂σ
+
∂Q
∂σ
: H :
∂Q
∂σ
(4.60)
Because H is assumed to be a constant, symmetric, positive-definite matrix, we
denote:
h1 =
∂F
∂σ
: H :
∂F
∂σ
(4.61)
h2 =
∂Q
∂σ
: H :
∂Q
∂σ
(4.62)
h3 =
∂F
∂σ
: H :
∂Q
∂σ
=
∂Q
∂σ
: H :
∂F
∂σ
(4.63)
Solving the system (4.56), we get gαβ. Then, the elastic-plastic tangent modulus
tensor is given as the following:
Dep = D−
{
g11
[
D :
∂F
∂σ
]
⊗
[
D :
∂F
∂σ
]
+ g12
[
D :
∂F
∂σ
]
⊗
[
D :
∂Q
∂σ
]
+g21
[
D :
∂Q
∂σ
]
⊗
[
D :
∂F
∂σ
]
+ g22
[
D :
∂Q
∂σ
]
⊗
[
D :
∂Q
∂σ
]}
(4.64)
The pseudo-stiffness tensor Aep can be obtained by inversion of Dep. Aep can be
decomposed into two parts as follows:
Aep = (Dep)−1 =D−1 −Ap (4.65)
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Using (4.20), the derivative of Π with respect to time becomes:
dΠ =
∫
Ω
(ρij − ρ¯ij)Aepijkl dρkl dΩ (4.66)
With similar procedure in theorem 1, we have:
dΠ =
∫
Ω
(
σij − σ(e)ij
)
AepijklDklmn dǫ
r
mn dΩ
=
∫
Ω
(
σij − σ(e)ij
)
AepijklDklmn
(
dǫmn − dǫ(e)mn − dǫpmn
)
dΩ
=
∫
Ω
(
σij − σ(e)ij
)
AepijklDklmn
(
dǫmn − dǫ(e)mn
)
dΩ
−
∫
Ω
(
σij − σ(e)ij
)
AepijklDklmn dǫ
p
mn dΩ (4.67)
Then, the total dissipation is bounded with respect to time if dΠ < 0.
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5 Finite element formulation for
shakedown problem
In this chapter the finite element formulation of the shakedown problem is given.
We start with the purely elastic solution σE and the equilibrium of residual stress
fields.
In two dimensional problems, the elastic solution can be obtained by using Airy
function in the stress method [7]. Although the stress method seems to be more
appropriate because the problem is formulated in terms of stresses, the method
has the disadvantage that it is very difficult to find the appropriate stress function
for three dimensional structures. Therefore the displacement method is applied
to make the numerical approach as general as possible.
5.1 Three problems of shakedown analysis
Using Melan’s theorem, extended theorem 1 and extended theorem 2, we study
the three following problems of shakedown analysis for three dimensional contin-
uum and single and multilayered pavements.
5.1.1 Problem 1
Using Melan’s theorem, the mathematical optimization problem is given as fol-
lows:
max α
such that:
∂ρij
∂xj
+ bi = 0 in Ω
ρijnj = pi on Γ1 (5.1)
F
(
ασEij(x, Pˆk) + ρij
)
≤ 0 in Ω ∀k = 1,ml
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5.1.2 Problem 2
Using the extended theorem 1, the mathematical optimization problem is given
as follows:
max α
such that:
∂ρ¯ij
∂xj
+ bi = 0 in Ω
ρijnj = pi on Γ1 (5.2)
Q
(
ασEij(x, Pˆk) + ρij
)
≤ 0 in Ω ∀k = 1,ml
5.1.3 Problem 3
Using the extended theorem 2, the mathematical optimization problem is given
as follows:
max α
such that:
∂ρ¯ij
∂xj
+ bi = 0 in Ω
ρijnj = pi on Γ1
F
(
ασEij(x, Pˆk) + ρij
)
≤ 0 in Ω ∀k = 1,ml1 (5.3)
Q
(
ασEij(x, Pˆk) + ρij
)
≤ 0 in Ω ∀k = 1,ml2
where, ml1 = 2
nl , ml2 = 2
nl and ml = ml1 +ml2
In a uniform manner, the above three problems of shakedown analysis can be
written as the following form:
max α
such that: [Cijkl] {ρkl} = 0 (5.4)
g
(
ασEij(x, Pˆk) + ρij
)
≤ 0
5.2 Discretisation of the purely elastic stress field
5.2.1 Plane stress and plane strain
The governing equations for two dimensional problem are given by:
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Equilibrium equations:
∂σx
∂x
+
∂σxy
∂y
+ fx = 0 (5.5)
∂σyx
∂x
+
∂σy
∂y
+ fy = 0 (5.6)
Constitutive law:
σ = Dǫ (5.7)
In case of plane stress and for isotropic materials, the material property matrix
D becomes:

σx
σy
σxy

 =
E
1− ν2


1 ν 0
ν 1 0
0 0
1− ν
2




ǫx
ǫy
ǫxy

 (plane stress) (5.8)
Here, E and ν are the elastic modulus and Poisson’s ratio respectively. For plane
strain condition, matrix [D] becomes:


σx
σy
σxy

 =
E(1− ν)
(1 + ν)(1− 2ν)


1
ν
1− ν 0
ν
1− ν 1 0
0 0
1− 2ν
2(1− ν)




ǫx
ǫy
γxy

 (5.9)
The kinematic equations, which relates strains to displacements, are:

ǫx
ǫy
γxy

 =


∂u
∂x
∂v
∂y
∂u
∂y
+ ∂v
∂x

 (5.10)
where u and v are displacements in the x and y directions, respectively.
Boundary conditions are either of essential or natural type. The essential con-
ditions are prescribed displacements and the natural boundary conditions are
prescribed tractions which are expressed as:
px = σxnx + σxyny = p¯x (5.11)
py = σxynx + σyny = p¯y (5.12)
where: nx, ny are direction cosines of the outward unit normal vector at the
boundary; and p is the given traction value.
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Let us discretize the domain using linear rectangular elements. Then, displace-
ments u and v are interpolated using the same shape functions N such as:
u(x, y) =
4∑
i=1
Ni(x, y)ui (5.13)
v(x, y) =
4∑
i=1
Ni(x, y)vi (5.14)
where N is the standard shape function of quadrilateral element.
These displacements can be also expressed as
{
u
v
}
=
[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4
]


u1
v1
u2
v2
u3
v3
u4
v4


= Nu (5.15)
where, the nodal displacement vector is:
u = {u1 v1 u2 v2 u3 v3 u4 v4}T (5.16)
The total potential energy denoted by Π consists of two parts: internal energy U
and external energy W which is equal to the work done by external loads. That
is,
Π = U −W (5.17)
The internal energy is the strain energy caused by deformation of the body and
can written as
U =
1
2
∫
Ω
σTǫdΩ (5.18)
where σ = {σx σy σxy}T denotes stress and ǫ = {ǫx ǫy γxy}T is strain.
Equation (5.18) holds also for three dimensional states of stresses. Use of the
constitutive law for Eq. (5.18) gives
U =
1
2
∫
Ω
ǫTDǫdΩ (5.19)
since [D] = [D]T .
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On the other hand, the external work can be written as:
W =
∫
Ω
{u v}
{
bx
by
}
dΩ +
∫
Γ1
{u v}
{
px
py
}
dΓ (5.20)
Substitution of (5.19) and (5.20) into (5.17) and discretization of the domain into
a number of finite element domains yield:
Π =
nel∑
e=1
Πe (5.21)
Πe =
1
2
∫
Ωe
ǫTDǫ dΩ−
∫
Ωe
{u v}
{
bx
by
}
dΩ−
∫
Γe
{u v}
{
px
py
}
dΓ
=
1
2
uT
∫
Ωe
BTDBdΩ− uT
∫
Ωe
NT
{
bx
by
}
dΩ− uT
∫
Γe
NT
{
p¯x
p¯y
}
dΓ
(5.22)
Invoking the stationary value for Eqs. (5.21) and (5.22) using the principle of
minimum total potential energy, we obtain
∂Π = 0 (5.23)
⇒
nel∑
e=1
∂Πe
∂u
=
nel∑
e=1
(Keu
e − Fext) = 0 (5.24)
where
Ke =
∫
Ωe
BTDB dΩ (5.25)
Fext =
∫
Ωe
NT
{
bx
by
}
dΩ +
∫
Γe
NT
{
p¯x
p¯y
}
dΓ (5.26)
Here, (5.25) and (5.26) are the element stiffness matrix and external force vector
including the body force vector, surface and traction vector, respectively. Solving
the equation system (5.24), we get the displacements ue. Then, from Eq.(5.7)
the purely elastic stresses of each element at Gaussian points are obtained:
(
σE
)e
= DBue (5.27)
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The global stiffness matrix is given by:
K =
∫
Ω
BTDB dΩ =
nel∑
e=1
Ke =
nel∑
e=1
∫
Ωe
BTDBdΩ (5.28)
where, the stiffness matrix Ke of an element and the strain-displacement matrix
B are given as follows:
Ke =
∫
Ωe
BTDBdΩ =
∫
A
BTDB t dx dy =
∫ 1
−1
∫ 1
−1
BTDB t detJ dr ds =
=
ngl1∑
i=1
ngl2∑
i=1
BTDB t detJ wir w
j
s (5.29)
B =


∂N1
∂x
0 ∂N2
∂x
0 ∂N3
∂x
0 ∂N4
∂x
0
0 ∂N1
∂y
0 ∂N2
∂y
0 ∂N3
∂y
0 ∂N4
∂y
∂N1
∂y
∂N1
∂x
∂N2
∂y
∂N2
∂x
∂N3
∂y
∂N3
∂x
∂N4
∂y
∂N4
∂x

 (5.30)
where,
t: thickness of element (t=1)
dA = dxdy = detJdrds
detJ : determinant of Jacobian matrix
wir, w
i
s: Gaussian weighting factors along r and s axis, respectively.
ngl1, ngl2: number of Gaussian points along r and s axis, respectively.
5.2.2 Three dimensional solids
Here we consider “brick” elements with 8 nodes. The governing equations for
three-dimensional are given as follows.
Equilibrium equations:
∂σx
∂x
+
∂σxy
∂y
+
∂σxz
∂z
+ bx = 0 (5.31)
∂σyx
∂x
+
∂σy
∂y
+
∂σyz
∂z
+ by = 0 (5.32)
∂σxz
∂x
+
∂σyz
∂y
+
∂σz
∂z
+ bz = 0 (5.33)
(5.34)
where σ is stress and b is body force per unit volume.
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The constitutive law:
σ =Dǫ (5.35)
where:
σ =
{
σx σy σz σxy σyz σzx
}T
(5.36)
ǫ =
{
ǫx ǫy ǫz γxy γyz γzx
}T
(5.37)
(5.38)
For isotropic materials, the material property matrix D is:
D =
E
(1 + ν)(1− 2ν)


1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0
1− ν
2
0 0
0 0 0 0
1− ν
2
0
0 0 0 0 0
1− ν
2


(5.39)
The kinematic equation for small displacements is:


ǫx
ǫy
ǫz
ǫxy
ǫyz
ǫzy


=


∂u
∂x
∂v
∂y
∂w
∂z
∂u
∂y
+ ∂v
∂x
∂v
∂z
+ ∂w
∂y
∂w
∂x
+ ∂u
∂z


(5.40)
where u, v and w are displacements in the x, y and z directions, respectively.
The traction boundary condition is:
px = σxnx + σxyny + σxznz = p¯x (5.41)
py = σxynx + σyny + σyznz = p¯y (5.42)
pz = σzxnx + σyxny + σznz = p¯z (5.43)
(5.44)
where: nx, ny, nz are direction cosines of the outward unit normal vector on the
traction surface and p is known value.
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The nodal displacement vector is:


u
v
w

 =


N1 0 0 N2 0 0 · · · · · · · · · N8 0 0
0 N1 0 0 N2 0 · · · · · · · · · 0 N8 0
0 0 N1 0 0 N2 · · · · · · · · · 0 0 N8




u1
v1
w1
· · ·
· · ·
u8
v8
w8


= Nu
(5.45)
where u is the nodal displacement vector and N is the standard shape function
of “brick” element. Substituting Eq. (5.45) into the three dimensional kinematic
equation (5.40) yields:
ǫ = Bu (5.46)
in which
B =


∂N1
∂x
0 0 ∂N2
∂x
0 0 · · · · · · · · · ∂N8
∂x
0 0
0 ∂N1
∂y
0 0 ∂N2
∂y
0 · · · · · · · · · 0 ∂N8
∂y
0
0 0 ∂N1
∂z
0 0 ∂N2
∂z
· · · · · · · · · 0 0 ∂N8
∂z
∂N1
∂y
∂N1
∂x
0 ∂N2
∂y
∂N2
∂x
0 · · · · · · · · · ∂N8
∂y
∂N8
∂x
0
0 ∂N1
∂z
∂N1
∂y
0 ∂N2
∂z
∂N2
∂y
0 · · · · · · · · · ∂N8
∂z
∂N8
∂y
∂N1
∂z
0 ∂N1
∂x
∂N2
∂z
0 ∂N2
∂x
· · · · · · · · · ∂N8
∂z
0 ∂N8
∂x


(5.47)
The global stiffness matrix is given by:
K =
∫
Ω
BTDB dΩ =
nel∑
e=1
Ke =
nel∑
e=1
∫
Ωe
BTDBdΩ (5.48)
(5.49)
where,
the stiffness matrix Ke of an element is given as follows:
Ke =
∫
Ωe
BTDB dx dy dz =
∫ 1
−1
∫ 1
−1
∫ 1
−1
BTDB detJ dr ds dt =
=
ngl1∑
i=1
ngl2∑
i=1
ngl3∑
i=1
BTDB detJ wir w
j
s w
k
t (5.50)
dΩ = dxdydz = detJdrdsdt
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detJ : determinant of Jacobian matrix
wir, w
i
s and w
i
t: Gaussian weighting factors along r, s and t axis, respectively.
ngl1, ngl2 and ngl3: number of Gaussian points along r, s and t axis, respectively.
5.3 Discretisation of the residual stress field
The principle of virtual work (2.10) can be rewritten in vector form:∫
Ω
δǫTσdΩ =
∫
Ω
δuT b¯ dΩ +
∫
Γ1
δuT p¯ dΓ (5.51)
Taking into account σ = ασE + ρ¯, we have:∫
Ω
δǫT
(
ασE + ρ¯
)
dΩ =
∫
Ω
δuT b¯ dΩ +
∫
Γ1
δuT p¯ dΓ (5.52)
As the purely stress field is assumed to be in equilibrium with the external forces,
we have: ∫
Ω
δǫTασE dΩ =
∫
Ω
δuT b¯ dΩ +
∫
Γ1
δuT p¯ dΓ (5.53)
Then the residual stress field can be determined by using the condition:∫
Ω
δǫT ρ¯ dΩ = 0 (5.54)
By subdividing the whole volume Ω into elements Ωe, the integration (5.54) is
subdivided into the integrations over each element Ωe. By using (5.46) and after
some manipulations we have the following system of equations:
∫
Ω
δǫT ρ¯ dΩ ≈
nel∑
e=1
[∫
Ωe
[δǫe]T ρ¯edΩ
]
≈
nel∑
e=1
[
(δue)T
∫
Ωe
BT ρ¯edΩ
]
= 0 (5.55)
Since the virtual displacement δue is arbitrary, we can choose δue = 1, then the
equilibrium condition (5.55) becomes:
nel∑
e=1
[∫
Ωe
BT ρ¯edΩ
]
=
nel∑
e=1
NGE∑
i=1
BTi ρ¯i wi detJ
=
nel∑
e=1
NGE∑
i=1
Cim ρ¯i = 0 (5.56)
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or
nel∑
e=1
Ceρ¯e = 0 (5.57)
• Plane stress and plane strain
Ce =
NGE∑
i=1
BT detJ wi =
NGE∑
i=1
Cim (5.58)
with
NGE = ngl1 × ngl2 = 4
Cim = detJ wi
[
BT
]
8×3
In practice, Ce which has dimension of 32× 3 is expressed by:
Ce =


C1m
C2m
C3m
C4m

 (5.59)
• Three dimensional solid
Ce =
NGE∑
i=1
BT detJ wi =
NGE∑
i=1
Cim (5.60)
where,
NGE = ngl1 × ngl2 × ngl3 = 8
Cim = detJ wi
[
BT
]
24×6
In practice, Ce which has dimension of 192× 6 is expressed by:
Ce =


C1m
C2m
C3m
C4m
C5m
C6m
C7m
C8m


(5.61)
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Let us denote Cglob =
[
Cglobij
]
as a global matrix of equilibirum and Cglob is
formed by assembling all elementary matrices Ce.
Cglob =
nel∑
e=1
Ce (5.62)
Then the equilibrium equation (5.57) now can then be rewritten in vector form[
Cglobij
]
ρj = 0 (5.63)
where i = 1, ndof and j = 1,mρ,
In plane strain and plain stress: ndof = 2NKS and mρ = 3NGS
In three dimensional solid: ndof = 3NKS and mρ = 6NGS[
Cglobij
]
is reduced to [Cij] which has a dimension of LM × mρ with consider-
ation of boundary conditions. Here, LM is obtained by subtracting the total
degree of freedom ndof from the restrained degree of freedom NRES. Then, the
equilibrium equation (5.63) finally becomes
[Cij] ρj = 0 (5.64)
Due to the sparsity, [Cij] is not stored as dense matrices, but rather in a sparse
matrix format. As the first attempt, the triplet format is used to store nonzero
values. By this way the efficiency of time and computation costs are considerable.
An example of 20.000 elements has been successfully tested.
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6 The interior point method applied to
shakedown analysis
In this chapter the interior point method is applied to solve the shakedown prob-
lem.
6.1 Problem transformation
From (5.4) and (5.63) the vectorial form for the shakedown problem is:
max α
such that: [Cij]
{
ρj
}
= 0
hr
(
ασEj (x¯, Pˆk) + ρj
)
≤ 0 (6.1)
α > 0
−∞ < ρj < +∞
where,
i = 1, LM and j = 1,mρ
k =
{
1, 2nl for problem 1,2
1, 2 · 2nl for problem 3
r =
{
1,mρ · 2nl for problem 1,2
1, 2mρ · 2nl for problem 3
The shakedown problem has nsd = mρ + 1 unknowns of (ρj, α).
In order to obtain the generally used form of optimization theory, the system (6.1)
is reformulated. First slack variables, s ∈ Rnslack , are added to the inequality
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constraints so that the problem becomes:
min
x¯∈Rn
−α
such that: [Cij]
{
ρj
}
= 0
hr
(
ασEj (x¯, Pˆk) + ρj
)
− sr = 0 (6.2)
0 < α < +∞
−∞ < ρj < +∞
−∞ < sr ≤ 0
or,
min
x¯∈Rn
−α
such that: [Cij]
{
ρj
}
= 0
hr
(
ασEj (x¯, Pˆk) + ρj
)
− sr = 0 (6.3)
l ≤

 ρjα
sr

 ≤ u
Problem (6.3) then can be reduced further as follows:
min
x¯∈Rn
f(x¯)
such that: ci(x¯) = 0 i = 1,m :λ (6.4)
(x¯L)j ≤ x¯j ≤ (x¯U)j j = 1, n :z
where,
f(x¯) = −α, and
n = nsd + nslack =
{
(mρ + 1) + (mρ · 2nl) for problem 1, 2
(mρ + 1) + (2mρ · 2nl) for problem 3
m = LM + nslack
x¯ = (ρ¯, α, s) is called vector of primal variables, with x¯ ∈ Rn
x¯L ∈ [−∞,∞)n and x¯U ∈ [−∞,∞)n are the lower and upper bounds on the
variable x¯.
ci(x¯) =
{
[Cij]
{
ρj
}
, i = 1, LM
hr
(
ασEj (x¯, Pˆk) + ρj
)
− sr , i = LM + 1,m
λ ∈ Rm, z ∈ Rn are called the Lagrangian multipliers or dual variables.
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6.2 Interior point method
In this section we give an overview of the nonlinear optimizer IPOPT [98, 100, 99]
that implements a line-search filter interior point (or barrier) algorithm exploiting
any sparsity of the derivatives.
To simplify notation, the method for the problem formulation is first described.
min
x¯∈Rn
f(x¯)
such that c(x¯) = 0 (6.5)
x¯ ≥ 0
Then the method is generalized so far to the more general formulation (6.4).
6.2.1 The primal-dual approach
Let us consider the problem formulation:
min
x¯∈Rn
f(x¯)
such that c(x¯) = 0 (6.6)
x¯ ≥ 0
where:
f(x¯) : Rn 7→ R
c(x¯) : Rn 7→ Rm
As a barrier method, Wa¨chter et al. have used the proposed algorithm in [98, 100,
99] which computes approximate solutions for a sequence of barrier problems.
min
x¯∈Rn
ϕµ(x¯) = f(x¯)− µ
i=1∑
n
ln(x¯(i)) (6.7)
such that: c(x¯) = 0
for a decreasing sequence of barrier parameters, µl, converging to zero, i.e. liml→∞ µl =
0 (cf. [32]). In the other words,
As x¯→ 0¯, ln(x¯)→ ∞
As µ→ 0, x¯∗(µ)→ x¯∗
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Equivalently, this can be interpreted as applying a homotopy method to the
primal-dual equations (the first order optimality conditions of (6.7)),
∇f(x¯) +∇c(x¯)Tλ− µX¯−1e = 0
c(x¯) = 0 (6.8)
(x¯ ≥ 0)
Let us denote z = −µX¯−1e, then (6.8) becomes:
∇f(x¯) +∇c(x¯)Tλ− z = 0
c(x¯) = 0 (6.9)
X¯Ze− µe = 0
(x¯ ≥ 0,z ≥ 0) (6.10)
where:
X¯ = diag(x¯) =


x¯1
. . .
x¯n

 , Z = diag(z) =


z1
. . .
zn

 ,(6.11)
e =


1
...
1

 (6.12)
Note that the equations (6.9) for µ = 0 together with x¯,z ≥ 0 are the optimial
conditions for the original problem (6.1). Those are the first order optimality
conditions for (6.6) if the constraint qualifications are satisfied.
The optimality error for the barrier problems is defined by
Eµ(x¯,λ,z) = max
{‖∇f(x¯)+∇c(x¯)Tλ−z‖
∞
sd
,
‖c(x¯)‖
∞
,
∥∥∥ ¯XZe−µe∥∥∥
∞
sc
}
(6.13)
where:
sd = max
{
smax,
‖λ‖1 + ‖z‖1
m+ n
}
, sc = max
{
smax,
‖z‖1
n
}
/smax
smax = 100
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Figure 6.1: Flowchart
The overall algorithm terminates if an approximate solution
(
x˜∗, λ˜∗, z˜∗
)
is sat-
isfied:
Eµ=0
(
x˜∗, λ˜∗, z˜∗
)
≤ ǫtol (6.14)
with ǫtol is the user provided error tolerance.
The algorithm outline is shown in figure (6.1)
The approximate solution
(
x˜∗,j+1, λ˜∗,,j+1, z˜∗,,j+1
)
of the barrier problem (6.7) ,
for a given value of µj, satisfies the tolerance:
Eµ=0
(
x˜∗,j+1, λ˜∗,,j+1, z˜∗,,j+1
)
≤ κǫµj (6.15)
for a constant κǫ > 0.
The new barrier parameter is obtained from
µj+1 = max
{ǫtol
10
,min
{
κµµj, µ
θµ
j
}}
(6.16)
with constants κµ ∈ (0, 1) and θµ ∈ (1, 2).
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6.2.2 Solution of barrier problem
In order to solve the barrier problem (6.7) for a given fixed value µj of the
barrier parameter, a damped Newton’s method is applied to the primal-dual
equations (6.9). Given an iteration (x¯k,λk,zk) with x¯k,zk > 0, search directions
(dxk,d
λ
k ,d
z
k) are obtained from the linearization of (6.9) at (x¯k,λk,zk). Then we
have, 
 W k Ak −IAk 0 0
Zk 0 X¯k



 d
x
k
dλk
dzk

 =

 ∇f(x¯k) +Akλk − zkc(x¯k)
X¯kZke− µje

 (6.17)
Where:
Ak = ∇c(x¯k): the gradient of the constraints c(x¯)
W k = ∇2xxL(x¯k,λk,zk): Hessian of Lagrangian function for the original opti-
mization problem (6.6):
L(x¯k,λk,zk) = f(x¯) + c(x¯)
Tλ− z (6.18)
Instead of solving the nonsymmetric linear system (6.17) directly, the following
smaller, symmetric linear system is solved firstly:[
W k +Σk Ak
ATk 0
](
dxk
λ+k
)
= −
[
∇ϕµ(x¯k) +∇c(x¯k)Tλk
c(x¯k)
]
(6.19)
where Σk = X¯
−1
k Zk.
Then the vector dλk is obtained from:
dλk = λ
+
k − λk (6.20)
and dzλ is computed from:
dzk = µjX
−1
k e− zk −Σkdxk (6.21)
Having the computed search directions (dxk,d
λ
k ,d
z
k) from (6.19), (6.20) and (6.21),
the next iteration is determined by:
x¯k+1 = x¯k + α¯kd
x
k (6.22)
λk+1 = λk + α¯kd
λ
k (6.23)
zk+1 = zk + α¯
z
kd
x
k (6.24)
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with step sizes α¯k, α¯
z
k ∈ (0, 1]
Since x¯ and z are both positive at an optimal solution of the barrier problem
(6.7), the property is maintained for all iterations. Consequently, the fraction-to-
the-boundary rule can be applied:
‖α¯k‖ = max {α¯ ∈ (0, 1] : x¯k + α¯dxk ≥ (1− τ) x¯k} (6.25)
‖α¯zk‖ = max {α¯ ∈ (0, 1] : zk + α¯dzk ≥ (1− τ) zk} (6.26)
for a parameter τ ∈ (0, 1], usually close to 1, and choose α¯zk = ‖αzk‖. The
step size α¯k ∈ (0, ‖α¯k‖] for the remaining variables is then determined by a
backtracking line search procedure exploring a decreasing sequence of trial step
sizes, α¯k,l = 2
−l ‖α¯k‖, with l = 0, 1, 2, ..., using a variant of Fletcher and Leyffer’s
filter method.
The main idea behind filter methods is to consider the objectives of minimiz-
ing the constraint violation θ(x¯) := ‖c(x¯)‖ and minimizing the barrier function
ϕµ(x¯), where a certain emphasis is given to the first measure to guarantee con-
vergence to a feasible point.
6.2.3 General lower and upper bounds
It is straight-forward to generalize the above procedures for solving the optimiza-
tion problems (6.6) so far to the more general formulation (6.4). In particular,
the resulting barrier problem is determined by:
min
x¯∈Rn
ϕµj(x¯) = f(x¯)− µj
∑
i∈IL
ln(x¯(i) − x¯(i)L )− µj
∑
i∈IU
ln(x¯
(i)
U − x¯(i))
such that: c(x¯) = 0 (6.27)
where IL =
{
i : x¯
(i)
L 6= −∞
}
and IU =
{
i : x¯
(i)
U 6=∞
}
.
Bound multipliers z
(i)
L and z
(i)
U are introduced for all finite lower and upper
bounds. The multipliers are defined z
(i)
L,k = 0 for i /∈ IL and z(i)U,k = 0 for i /∈ IU
The primal-dual Hessian Σk of the barrier terms is defined as follows:
ΣLk = diag
(
σLk,1, · · · ,σLk,n
)
and ΣUk = diag
(
σUk,1, · · · ,σUk,n
)
(6.28)
where
σLk,i =


z
(i)
L,k
x¯
(i)
k − x¯(i)L
if i ∈ IL
0 otherwise
, σUk,i =


z
(i)
U,k
x¯
(i)
L − x¯(i)k
if i ∈ IU
0 otherwise
(6.29)
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6.3 Application to shakedown analysis
6.3.1 Gradient of constraints Ak and Hessian Wk of La-
grangian function
In order to apply the interior point method to the shakedown problem, the gra-
dient of constraints Ak and the Hessian W k of the Lagrangian function (6.18)
for the original optimization problem (6.6) are needed.
Let us denote Fi as yield criterion at a Gaussian point, then the gradient of
constraints Ak ∈ Rm×n is evaluated by:
Ak = ∇c(x¯) =


∂F1
∂x¯1
∂F2
∂x¯1
. . .
∂Fm−1
∂x¯1
∂Fm
∂x¯1
CT
...
...
...
...
0 . . . 0
∂F1
∂x¯nsd
∂F2
∂x¯nsd
. . .
∂Fm−1
∂x¯nsd
∂Fm
∂x¯nsd
0 . . . 0 −1 0 . . . 0 0
0 . . . 0 0 −1 0 . . . 0
... . . .
... 0 . . .
. . . . . . 0
0 . . . 0 0 . . . . . . −1 0
0 . . . 0 0 . . . . . . 0 −1


(6.30)
Hessian W k ∈ Rn×n of Lagrangian function (6.18) for the original optimization
problem (6.6) is determined by:
W k = ∇2x¯x¯L = ∇2x¯x¯f(x¯k) +
m∑
i=1
λi∇2x¯x¯ci(x¯k)Fi(x¯k)
=
LM∑
i=1
λi∇2x¯x¯Ckl +
m∑
i=LM+1
λi∇2x¯x¯Fi(x¯k)
=
m∑
i=LM+1
λi∇2x¯x¯Fi(x¯k) (6.31)
In matrix form, W k is expressed by:
W k =


λLM+1∇2x¯x¯FLM+1 0 . . . 0 0
0 λLM+2∇2x¯x¯FLM+2 0 . . . 0
...
. . . . . . . . . . . .
0 0 . . . λm−1∇2x¯x¯Fm−1 0
0 0 . . . 0 λm∇2x¯x¯Fm


(6.32)
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6.3.2 Initialization
Since the interior point method requires the iterations to strictly satisfy the bound
constraints (6.4), the initial point of the shakedown problem x¯0 = (ρ¯0, α0, s0)
should be chosen sufficiently far away from the boundary. For this reason, IPOPT
has modified each component i of the initial point, which has only one (for ex-
ample, lower) bound as:
x¯
(i)
0 ← max
{
x¯
(i)
0 , x¯
(i)
L + 0.01max
{
1,
∣∣∣x¯(i)L ∣∣∣}} (6.33)
Using the modified initial point x¯0 and the initial bound multipliers, the initial
Lagriangian multiplier λ0 are obtained by solving the linear system
[
I ∇c(x¯0)
∇c(x¯0)T 0
](
w¯
λ0
)
= −
(
∇f(x¯0)− zL,0 + zU,0
0
)
(6.34)
where w is discarded after this computation.
From (6.34) the initial residual stress field ρ0 should be different from zero so
that ∇c(x¯0) would be nonzero in order to avoid degeneration of the Eq. (6.34).
In the following we discuss how to choose each component of x¯0.
6.3.2.1 Initial load factor α0 and residual stress field ρ0
The value of initial load factor α0 and residual stress field ρ0 are chosen from elas-
tic solution σe
Pˆ1
corresponding to maximum loads (µ+1 P1, µ
+
2 P2), i.e. the vertex
Pˆ1 of loading domain in figure (3.6), since the solution of the shakedown problem
is expected near that of limit analysis problem. That is:
α0 = α
e
Pˆ1
(6.35)
ρ¯0 = σ
e
Pˆ1
(6.36)
In general the elastic factor αe, at which yielding first occurs, depends on which
yield criterion is used.
With von Mises criterion, the elastic factor is defined by:
αe =
σy
σmaxvm
(6.37)
where,
σy is the uniaxial yield stress of the material.
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σmaxvm is the maximum of von Mises stresses over all the structure.
In case of hyperbolic Mohr-Coulomb, we consider the following:
Fhyp = σmsinφ+
√
σ2K2 (θ) + a2sin2φ− c cosφ ≤ 0 (6.38)
For the absence of the residual stresses, we have:
σm = ασ
E
m (6.39)
σ¯2 = α2
(
σ¯E
)2
(6.40)
Substitution of (6.39) and (6.40) into (6.38) gives√
α2 (σ¯E)2K2 (θ) + a2sin2φ = c · cosφ− ασEmsinφ (6.41)
Let us denote
A = σEmsinφ, B =
(
σE
)2
K2 (θ) , C = a2sin2φ, D = c · cosφ (6.42)
Eq. (6.41) becomes
√
Bα2 + C = D − Aα (6.43)
With D − Aα ≥ 0, we apply square on both sides of (6.43)
(
A2 −B)α2 − 2ADα +D2 − C = 0 (6.44)
It is clear that,
∆ = 4(A2C +BD2 −BC)
= 4
[(
σEm
)2
sin2φ · a2sin2φ+ (σE)2K2 (θ) c2cos2φ− (σE)2K2 (θ) a2sin2φ] ≥ 0
(6.45)
So the equation (6.44) always has two solutions. Since the load factor α > 0, we
are only interested in the positive value which is the elastic factor at a predefined
stress point. The elastic limit factor now is defined as follows:
αe = min {αi} ∀i = 1,mρ¯ (6.46)
In case of the original Mohr-Coulomb criterion, the load factor α is determined
by:
α =
c · cosφ
1 + sinφ
2
σE1 −
1− sinφ
2
σE3
(6.47)
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α > 0 if
σE3 − σE1
σE3 + σ
E
1
> sinφ (6.48)
Let us consider the two following cases by using the original Mohr Coulomb
criterion: With φ1, c 7→ α1,
α1 =
2c · cosφ1
σ1 − σ3 + (σ1 + σ3)sinφ1 (6.49)
With φ2(< φ1), c 7→ α2
α2 =
2c · cosφ2
σ1 − σ3 + (σ1 + σ3)sinφ2 (6.50)
To investigate the variation of the elastic factor with the internal frictional angle,
we consider:
α1 − α2 = 2c · cosφ1
σ1 − σ3 + (σ1 + σ3)sinφ1 −
2c · cosφ2
σ1 − σ3 + (σ1 + σ3)sinφ2
=
2c [(σ3 − σ1) (cosφ2 − cosφ1) + (σ1 + σ3) sin (φ2 − φ1)]
(σ1 − σ3 + (σ1 + σ3)sinφ1) (σ1 − σ3 + (σ1 + σ3)sinφ2) (6.51)
6.3.2.2 Initial slack variables s0
The initial point for the slack variables is chosen as follows
s0 = g
(
α0σ
E
j (x¯, Pˆ1) + ρ0,j
)
(6.52)
6.4 Flowchart of shakedown analysis
The following flowchart describes the solution of the shakedown problem.
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Input data
Geometry: NE, NKS, NGE, restraints
Material parameters: E, ν, φ, ψ, c
Loads: Number of loads (NV), bounds
?
r
Calculate
Purely elastic stress σE
Elem. matrix of equilibrium [Ce]
?
r
Construct [C]
?
r
Establish optimization problem
Max α
such that:
[C]ρ¯ = 0
F (ασE(x, pˆk) + ρ¯) ≤ 0
α > 0, −∞ < ρ¯ < +∞
?
r
Transformation
Min f(x¯) = −α
such that:
[C]ρ¯ = 0
F (ασE(x¯, pˆk) + ρ¯)− s = 0
lT ≤ x¯T = (ρ¯, α, s)T ≤ uT
?
r
Gradient of objective ∇f(x¯)
?
r
∇c(x¯) =
[
CT ∇(ρ¯,α)F
0 ∇sF
]
?
r
W = ∇2L =∑∇2x¯x¯F (x¯)
?
r
Initialisation
(ρ¯, α, s)
T
= (ρ¯0, α0, s0)
T
?
r
Optimization process: call IPOPT
?
r
Solution
αSD = αmax
ρ¯ = ρ¯∗
- End
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7 Bound on hydrostatic stress
The rounded Mohr-Coulomb criterion as well as the other usual yield criteria
(such as original Mohr-Coulomb and Drucker-Prager criteria) do not bound the
hydrostatic stress. This leads to some singularity in the shakedown problem
and the optimization problem could become ill-posed. Therefore a constraint of
hydrostatic stress is needed to be established.
In this chapter, the simple cap model proposed by Sandler (1976) [85] and Bathe
et al. (1980) [4] is combined with the rounded Mohr-Coulomb to find the bound of
hydrostatic stress in triaxial condition. Then, the formulation of the optimization
problem with detailed gradient and Hessian matrix is introduced.
7.1 Effective plastic strain
It was found that the use of the effective plastic strain provides a more consistent
formulation than that of plastic work (Desai, 2001 [28]). Also it is relatively easier
to compute the effective plastic strain from available test data.
Effective plastic strain ξ is defined by:
ξ =
∫ t
0
√
dǫp : dǫp dt =
∫ t
0
‖dǫp‖ dt (7.1)
with deviatoric strain component:
ξd =
∫ t
0
√
dep : dep dt =
∫ t
0
‖dep‖ dt (7.2)
and volumetric strain component:
ξv =
∫ t
0
1√
3
√
dǫpkk dǫ
p
kk dt =
∫ t
0
1√
3
‖dǫpkk‖ dt (7.3)
where,
depij = dǫ
p
ij −
1
3
dǫpkkδij (7.4)
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The effective plastic strain ξ represents physically the accumulation of plastic
strain associated with material deviatoric and volumetric plastic deformations.
ξ =
√
ξ2v + ξ
2
d (7.5)
In triaxial test (ǫp2 = ǫ
p
3), the correspoding deviatoric and volumetric components
ξd and ξv in Eqs. (7.2) and (7.3) can be expressed by:
ξd =
√
2
3
(ǫp1 − ǫp2) (7.6)
ξv =
1√
3
(ǫp1 + 2ǫ
p
2) =
1√
3
ǫpv (7.7)
By rearrangement of Eq.(7.5), the effective plastic strain ξ can be also expressed
by:
ξ = ξd
√
1 +
(
ξv
ξd
)2
=
√
2
3
(ǫp1 − ǫp2)
√
1 +
1
2
(
ǫp1 + 2ǫ
p
2
ǫp1 − ǫp2
)2
=
√
2
3
(ǫp1 − ǫp2)
√
1 +
1
2
sin2ψ
=
√
2
3
ǫpv
sinψ
√
1 +
1
2
sin2ψ (7.8)
where ψ is the dilatancy angle which can be measured from the material volu-
metric response [28, 57]:
sinψ =
ǫp1 + 2ǫ
p
2
ǫp1 − ǫp2
(7.9)
7.2 Bound on hydrostatic pressure
The cap model (Sandler 1976 [85]) is given as follows:
Fc = σm − σcm ≤ 0 (7.10)
where
σcm = −
1
3D
ln
[
1− ǫ
p
v
W
]
> 0 (7.11)
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Figure 7.1: Cap model
with D and W are material constants (cf. [85, 4]). Invoking Eq.(7.8), we have:
σcm = −
1
3D
ln
[
1−
√
3
2
1
W
sinψ
1 + 1
2
sin2ψ
ξ
]
= − 1
3D
ln
[
1−
√
3
2
1
W
sinψ
1 + 1
2
sin2ψ
∫
‖dǫp‖
]
(7.12)
According to Dorosz [29, 30] and Ko¨nig [49], we have:
ξ ≤
∫ t
0
ξ˙dt (7.13)
where,
ξ˙ =
d
dt
ξ =
d
dt
∫ t
0
‖dǫp‖ dt
=
d
dt
∫ t
0
√
dǫp : dǫp dt =
∫ t
0
√
ǫ˙p : ǫ˙p dt =
∫ t
0
‖ǫ˙p‖ dt (7.14)
On the other hand, from (2.55) we have the following [49]:
η ‖ǫ˙p‖ ≤ σ : ǫ˙p ≤ κ ‖ǫ˙p‖ (7.15)
with
η = inf
σ : ǫ˙p
‖ǫ˙p‖ ; κ = sup
σ : ǫ˙p
‖ǫ˙p‖ (7.16)
The inequality (7.13) becomes:
ξ ≤
∫ t
0
‖ǫ˙p‖ dt ≤ 1
η
∫ t
0
σ : ǫ˙p dt (7.17)
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If shakedown is ensured with the safety factor α > 1, the total dissipation energy
can be bounded:
∫ t
0
∫
Ωe
σ : ǫ˙p dΩ dt ≤ α
α− 1
∫
Ωe
1
2
ρ¯ :D−1 : ρ¯ dΩ (7.18)
and for the accumulated plastic strain we have:
ξ ≤ 1
Ωe
1
η
∫
Ωe
1
2
α
α− 1 ρ¯ :D
−1 : ρ¯ dΩ (7.19)
From (7.12) and (7.11), we have:
σm ≤ σcm ≤ −
1
3D
ln
[
1−
√
3
2
1
W
sinψ
1 + 1
2
sin2ψ
1
Ωe
1
η
α
α− 1
∫
Ωe
1
2
ρ¯ :D−1 : ρ¯ dΩ
]
(7.20)
7.3 Determination of η
By definition, we have:
η = inf
σ : ǫ˙p
‖ǫ˙p‖ (7.21)
On the deviatoric plane (or octahedral plane), η can be defined as the greatest
radius which is used to define the plastic admissible stress state.
In case of von Mises, η is a constant, and defined by η =
√
2
3
σy.
In case of Mohr Coulomb, η is not a constant at every stress state, but it is a
scalar. It is determined as follows:
η = max
(√
2
3
q
)
(7.22)
where q is the deviatoric stress,
q =
√
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2 (7.23)
If σ1 > σ2 > σ3 then η = max
(√
2
3
q
)
=
√
2
3
σ1.
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7.4 Formulation of shakedown problem
The shakedown problem can be established:
max α
such that: Cij
{
ρj
}
= 0
Fmc
(
ασEj (x, Pˆk) + ρj
)
≤ 0
−σm − (d− a) ≤ 0
−σm − 1
3D
ln

1−
√
3
2
1
W
sinψ
1 +
1
2
sin2ψ
1
Ωe
1
η
α
α− 1g

 ≥ 0
g −
∫
Ωe
1
2
ρ¯ :D−1 : ρ¯ dΩ = 0
α > 0; g ≥ 0 and −∞ < ρj < +∞
(7.24)
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8 Numerical applications
The concept of shakedown analysis developed in the preceding chapters has been
implemented as a computer program with the help of IPOPT [98, 100, 99], in
order to investigate the shakedown behaviour of pavements as well as the efficiency
of the interior point method. In this chapter numerical results of some problems
are presented. The results are then compared with previous results, in particular
with those obtained by Sharp and Booker [88], Johnson et al. [43], Ponter et al.
[76] and Collins and Boulbibane [22].
Due to numerical difficulties of the large-scale optimization problem, the follow-
ing strategy is applied. First the problem of rolling and sliding line contact in
[43] is investigated in two dimensional and three dimensional cases. Second the
problems of repeated stationary line and point contacts are solved by using von
Mises criterion for incompressible materials. Finally the rounded Mohr-Coulomb
criterion for frictional materials is used to investigate the shakedown behaviour
of pavements by using stationary contact analyses.
8.1 Rolling sliding line contact problem
In this section the shakedown load factor of a repeated rolling/sliding line contact
is investigated and compared with the analytical solution by Johnson [42, 43].
First a two dimensional model is used to model a cylinder moving over a surface
of pavement repeatedly. Then the problem is solved by using a three dimensional
model in case without friction (µf = 0). A summary of the problem is given in
the Figure 8.1. With Johnson’s assumption of plane deformation and equilibirium
with a traction free surface, the residual stress field has the following form:
{
ρx = f1(z) , ρy = f2(z)
ρz = ρxy = ρyz = ρzx = 0
(8.1)
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Figure 8.1: Repeated rolling and sliding contact of a cylinder with an elastic-
plastic half-space [43]
8.1.1 Two dimensional case
The sketch of the two-dimensional model with definition of coordinate axes is
shown as in Figure 8.2. The model is discretised by using quadrilateral elements
with the help of FEAPpv [116] to establish the equilibrium of the residual stresses.
Mesh of the model is shown as in Figure 8.3.
8.1.1.1 Tresca criterion
Regarding to the condition (8.1) and using Tresca criterion the shakedown prob-
lem can be established as in (8.2). The condition of coupling residual stress ρx is
added to the problem 1 in section (5.1.1). The shakedown loading domain is given
in Figure 8.4 and table 8.1. It is observed that the presented shakedown domain
is very close to Johnson’s solution [43]. The shakedown factor αSD determined
by the optimization process may be represented by a dimensionless shakedown
factor ‖αSD‖ = αp0
k
, where k =
σy
2
.
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0 X
Z
Figure 8.2: 2D model of repeated rolling and sliding line contact
Figure 8.3: Repeated rolling sliding line contact - Mesh of 646 elements
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0
1
2
3
4
5
6
7
8
µf
α
 
p 0
/k
Rolling line contact problem (2D case)
Elastic (Johnson)         
Shakedown (Johnson)                 
Elastic (present analysis)
Shakedown (present analysis)                
Figure 8.4: Rolling sliding contact (646 elements) - Shakedown loading domain
max α
such that: [Cij]
{
ρj
}
= 0
ρx coupled
1
4
(
ασEx + ρx − ασEz
)2
+ α2
(
σEzx
)2 ≤ k2 (8.2)
α > 0
−∞ < ρj < +∞
The distributions of elastic and residual stresses in case of µf = 0 (p = 1 and
q = 0) are given in Figures (8.5 ÷ 8.14).
8.1.1.2 von Mises criterion
The same problem in the previous section 8.1.1.1 is now resolved but using von
Mises criterion. For studying the influence of discretisation, another model with
finer meshing as shown in Figure 8.15 is also used for comparision and to take
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µf Elastic Shakedown
αE ‖αE‖ αSD ‖αSD‖
0.0 1.5953 3.1907 2.0986 4.1972
0.1 1.5453 3.0906 1.8348 3.6696
0.2 1.3998 2.7996 1.6299 3.2599
0.3 1.2470 2.4940 1.4662 2.9324
0.4 1.1213 2.2426 1.3324 2.6648
0.5 0.9849 1.9697 1.1980 2.3960
0.6 0.8619 1.7239 1.0314 2.0627
Table 8.1: Load factors - Rolling sliding line contacts (646 elements)
-7.81E-01
-7.07E-01
-6.34E-01
-5.60E-01
-4.87E-01
-4.14E-01
-3.40E-01
-2.67E-01
-1.94E-01
-1.20E-01
-4.70E-02
 2.64E-02
-8.54E-01
_________________ STRESS SX       
Time = 0.00E+00
Figure 8.5: Elastic solution - σEx
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-5.13E-01
-4.66E-01
-4.19E-01
-3.71E-01
-3.24E-01
-2.76E-01
-2.29E-01
-1.81E-01
-1.34E-01
-8.66E-02
-3.92E-02
 8.22E-03
-5.61E-01
_________________ STRESS SY       
Time = 0.00E+00
Figure 8.6: Elastic solution - σEy
-9.31E-01
-8.46E-01
-7.61E-01
-6.76E-01
-5.91E-01
-5.06E-01
-4.21E-01
-3.36E-01
-2.51E-01
-1.66E-01
-8.11E-02
 3.90E-03
-1.02E+00
_________________ STRESS SZ       
Time = 0.00E+00
Figure 8.7: Elastic solution - σEz
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-2.02E-01
-1.61E-01
-1.21E-01
-8.07E-02
-4.03E-02
 1.08E-09
 4.03E-02
 8.07E-02
 1.21E-01
 1.61E-01
 2.02E-01
 2.42E-01
-2.42E-01
_________________ STRESS XZ       
Time = 0.00E+00
Figure 8.8: Elastic solution - σExz
 4.90E-02
 9.57E-02
 1.42E-01
 1.89E-01
 2.36E-01
 2.82E-01
 3.29E-01
 3.76E-01
 4.23E-01
 4.69E-01
 5.16E-01
 5.63E-01
 2.25E-03
_________________ STRESS EQVM     
Time = 0.00E+00
Figure 8.9: Elastic solution - σEvm
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 2.67E-02
 5.21E-02
 7.76E-02
 1.03E-01
 1.28E-01
 1.54E-01
 1.79E-01
 2.05E-01
 2.30E-01
 2.56E-01
 2.81E-01
 3.06E-01
 1.29E-03
_________________ STRESS TMAX     
Time = 0.00E+00
Figure 8.10: Elastic solution - τmax
-1.85E-02
-1.80E-03
 1.49E-02
 3.16E-02
 4.83E-02
 6.50E-02
 8.17E-02
 9.84E-02
 1.15E-01
 1.32E-01
 1.49E-01
 1.65E-01
-3.52E-02
_________________ STRESS RX       
Time = 0.00E+00
Figure 8.11: Residual stresses ρx
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-5.29E-02
-4.72E-02
-4.14E-02
-3.56E-02
-2.98E-02
-2.41E-02
-1.83E-02
-1.25E-02
-6.77E-03
-1.00E-03
 4.77E-03
 1.05E-02
-5.87E-02
_________________ STRESS RY       
Time = 0.00E+00
Figure 8.12: Residual stresses ρy
 9.17E-07
 9.33E-07
 9.50E-07
 9.67E-07
 9.83E-07
 1.00E-06
 1.02E-06
 1.03E-06
 1.05E-06
 1.07E-06
 1.08E-06
 1.10E-06
 9.00E-07
_________________ STRESS RZ       
Time = 0.00E+00
Figure 8.13: Residual stresses ρz
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-3.22E-01
-2.57E-01
-1.93E-01
-1.29E-01
-6.44E-02
 0.00E+00
 6.44E-02
 1.29E-01
 1.93E-01
 2.57E-01
 3.22E-01
 3.86E-01
-3.86E-01
_________________ STRESS_RXZ      
Time = 0.00E+00
Figure 8.14: Residual stresses ρxz
Figure 8.15: Repeated rolling sliding line contact - Mesh of 2640 elements
better into account external tangential stress q0. The shakedown loading domains
are given in Figure 8.16. It is observed that the presented shakedown domain
approximates Johnson’s solution in [43]. The shakedown factor αSD determined
by the optimization process may be represented by a dimensionless shakedown
factor ‖αSD‖ = αp0
k
, where k =
σy√
3
.
The existence of the intermediate principal stress, which is controlled by the
equation of equilibrium in the shakedown problem, reduces the shakedown load
factor in the presented method. For cases of µf ≥ 0.1, when the meshing is finer,
the shakedown load factor comes closer to Johnson’s solution [43].
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Rolling line contact problem (2D case)
Elastic (Johnson)
Shakedown (Johnson)
Elastic (present analysis) − von Mises crit. (646 elem.)
Shakedown (present analysis) − von Mises crit. (646 elem.)
Elastic (present analysis) − von Mises crit. (2640 elem.)
Shakedown (present analysis)− von Mises crit. (2640 elem.)
Figure 8.16: Rolling sliding line contact using von Mises criterion - Shakedown
loading domains
8.1.2 Three dimensional case
The rolling and sliding line contact problem now is developed for the three dimen-
sonal case. Brick elements are used to perform shakedown analysis. By adding
the coupling conditions of the residual stresses ρx and ρy to ensure that the con-
dition of the residual stress field (8.1) is fulfilled, the shakedown problem is now
modified as follows:
max α
such that: [Cij]
{
ρj
}
= 0
ρ¯x coupled
ρ¯y coupled
F
(
ασEj (x, Pˆk) + ρj
)
≤ 0
α > 0 and −∞ < ρj < +∞
(8.3)
As the first attempt the model of 1152 elements as shown in Figure 8.31 is con-
sidered to investigate shakedown loading domain. The presented result is given
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Rolling line contact problem (3D case)
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Figure 8.17: Rolling sliding line contact using von Mises criterion - Shakedown
loading domain
in Figure 8.17. The distribution of residual stresses in case of µf = 0 (p = 1 and
q = 0) are given in Figures (8.18 ÷ 8.21). It is observed that the found values
of the solutions are larger than Johnson’s solution [43]. Therefore, two more
investigations called “J5couple” and ”J9couple” respectively (Figures 8.22 and
8.25) are carried out with finer meshing in case of µf = 0 (p = 1 and q = 0). The
shakedown load factors are given in table 8.2. For the time being the presented
solutions in three dimensional cases are rather far from Johnson’s solutions, al-
though they are optimal rigorously in numerical sense. In the author’s opinion,
this is due to numerical difficulties and bad scaling due to very large-scaled shake-
down problem using the lower-bound method. It is suggested that the definition
of the shakedown problem should be revisited in the way to reduce number of the
constraints due to coupling conditions of the residual stresses.
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Figure 8.18: Residual stress ρx
Figure 8.19: Residual stress ρy
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Figure 8.20: Residual stress ρxy
Figure 8.21: Residual stress ρyz
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Case Shakedown factor Note
αSD ‖αSD‖ = αSDp0
√
3
σy
J5couple 1.880 3.26 Converged
J9couple 1.810 3.13 Converged
Table 8.2: Shakedown factors in case of µf = 0 (p = 1 and q = 0) - 3D case
Figure 8.22: “J5couple” example - Mesh
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Figure 8.23: “J5couple” example - Residual stress ρx
Figure 8.24: “J5couple” example - Residual stress ρy
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Figure 8.25: “J9couple” example - Mesh
Figure 8.26: “J9couple” example - Residual stress ρx
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Figure 8.27: “J9couple” example - Residual stress ρy
8.2 Stationary contacts over homogeneous half
space
In this section shakedown analyses for repeated but locally stationary contacts
over a homogeneous half space are carried out. Rounded Mohr-Coulomb and
von Mises criteria are used. As a first attempt the pavement is considered as
a homogeneous half space. The pavement is modelled by using brick elements.
Geometry and boundary conditions of the pavement model are the same as in
the previous section (3.4) in cases of line and point contact (cf. figures (3.3, 3.4
and 3.5)). Normal and tangential pressure are supposed to vary independently.
8.2.1 Using von Mises criterion
As stated before, the elastic solutions are independent of Young’s modulus and of
contact region radius. Therefore these parameters are arbitrary. Poisson’s ratio
ν = 0.3 is used in the following.
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Figure 8.28: Line contact problem (864 elements) - mesh
8.2.1.1 Stationary line contact problem
The problem of stationary line contact is investigated with three different meshes
as shown in figures 8.28, 8.31, and 8.34. With the mesh of 2250 elements (cf. fig-
ure 8.34) the elastic solution is close to the analytical solution [42, 37] as shown in
figure 8.36. The von Mises equivalent elastic stresses of three cases are plotted in
figures 8.29, 8.32, and 8.35. The shakedown loading domains are given in figures
8.30, 8.33, and 8.36 and tables 8.3, 8.4 and 8.5.
The shakedown factor αSD determined by the optimization process may be rep-
resented by a dimensionless shakedown factor ‖αSD‖ = αp0
k
, where k =
σy√
3
.
It is reasonable that the shakedown load factor decreases with increasing fric-
tional coefficient. The existence of surface shear traction tends to reduce the
vertical shakedown load significantly. This effect is important as a real traffic
load generally has non-zero tangential components.
The presented solution is compared with the results of repeated rolling/sliding
line contact by Johnson [42, 43]. The shakedown limit is lager than Johnson’s
solution but nearly twice the elastic limit as expected. Here the residual stress
distribution is not satisfied the condition (8.1) except the components ρxy and
ρxy, which are followed automatically the plane strain condition. Figure
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µf Elastic Altern. Plasticity Shakedown
αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
0.0 1.6905 2.9280 3.4731 6.0155 3.3807 5.8555
0.1 1.5571 2.6971 3.2018 5.5456 3.1140 5.3935
0.2 1.4295 2.4759 2.9232 5.0631 2.8586 4.9512
0.3 1.3121 2.2726 2.6599 4.5447 2.6239 4.5447
0.4 1.2067 2.0901 2.4218 4.1947 2.4131 4.1796
0.5 1.1131 1.9279 2.2114 3.8302 2.2258 3.8553
0.6 1.0136 1.7557 2.0273 3.5113 2.0603 3.5686
Table 8.3: Load factors - Line contacts (864 elements)
µf Elastic Altern. Plasticity Shakedown
αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
0.0 1.6871 2.9221 3.4603 5.9935 3.3660 5.8301
0.1 1.5695 2.7184 3.2259 5.5874 3.1352 5.4304
0.2 1.4557 2.5213 2.9823 5.1656 2.9072 5.0354
0.3 1.3495 2.3373 2.7470 4.7580 2.6948 4.6675
0.4 1.2523 2.1691 2.5290 4.3803 2.5008 4.3315
0.5 1.1645 2.0170 2.3316 4.0384 2.3252 4.0273
0.6 1.0856 1.8803 2.1552 3.7329 2.1673 3.7539
Table 8.4: Load factors - Line contacts (1152 elements)
µf Elastic Altern. Plasticity Shakedown
αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
0.0 1.7059 2.9547 3.4983 6.0593 3.4114 5.9087
0.1 1.5689 2.7175 3.2165 5.5711 3.1375 5.4343
0.2 1.4383 2.4912 2.9297 5.0743 2.8761 4.9816
0.3 1.3186 2.2839 2.6606 4.6082 2.6368 4.5670
0.4 1.2111 2.0978 2.4188 4.1894 2.4224 4.1957
0.5 1.1116 1.9254 2.2059 3.8207 2.2324 3.8667
0.6 1.0327 1.7886 2.0204 3.4994 2.0649 3.5765
Table 8.5: Load factors - Line contacts (2250 elements)
8.2 Stationary contacts over homogeneous half space 103
Figure 8.29: Line contact problem (864 elements) - von Mises equivalent stress
Number of Number of Elastic Altern. Plasticity Shakedown
elements nodes αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
216 364 2.8683 4.9681 5.9650 10.3316 5.7342 9.9319
486 760 1.5756 2.7290 3.2354 5.6038 3.1487 5.4536
864 1250 1.5571 2.6971 3.2018 5.5456 3.1140 5.3935
1152 1625 1.4557 2.5213 2.9823 5.1656 2.9072 5.0354
2250 2300 1.4383 2.4912 2.9297 5.0743 2.8761 4.9816
Table 8.6: Shakedown load factor variation with respect to number of elements
(8.37) and table (8.6) present the variation of the shakedown load factor with
respect to number of elements in case of µf = 0.2. It is found that the shakedown
load factor converges with the number of elements larger than 1150 elements with
tolerance of about 1.08%.
8.2.1.2 Stationary point contact problem
The stationary point contact problem is modelled as given in the section (3.4).
With the mesh of 2912 elements (cf. figure 8.38) the elastic solution is close to the
analytical solution [42, 76, 37] as shown in figure 8.40. The von Mises equivalent
elastic stresses is plotted in figure 8.39.
The behaviour of stationary point contact problem is clearly different from that
of the stationary line contact problem. Firstly, the plastic zone is not completely
beneath the surface, as in the line contact problem, since the material at some
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Figure 8.30: Line contact problem (864 elements) - Shakedown loading domain
Figure 8.31: Line contact problem (1152 elements) - mesh
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Figure 8.32: Line contact problem (1152 elements) - von Mises equivalent stress
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Figure 8.33: Line contact problem (1152 elements) - Shakedown loading domain
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Figure 8.34: Line contact problem (2250 elements)
Figure 8.35: Line contact problem (2250 elements) - von Mises equivalent stress
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Figure 8.36: Line contact problem (2250 elements) - Shakedown loading domain
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Figure 8.37: Line contact problem (2250 elements) - Shakedown load factor vari-
ation with respect to number of elements
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Figure 8.38: Point contact problem (2912 elements)
distance on either side of the rolling track must remain undeformed [76], conse-
quently no residual stresses exist there . Secondly, all six components of residual
stress may be non-zero. As a result the optimization problem could become badly
scaled and even degenerates, since the initialization of the optimization (cf. sec-
tion 6.3.2), including that of residual stress variables, is now quite difficult to be
set up. Finally, with the point contact problem the property of local loading at
the surface reduces the shakedown load factor. The presented shakedown loading
domain, which is compared to the problem of repeated sliding/rolling contact
problem by Ponter [76], is given in figure 8.40.
µf Elastic Alternating Plastic Shakedown
αE ‖αE‖ αAP ‖αAP ‖ αSD ‖αSD‖
0.0 1.5942 2.7613 3.1866 5.5194 2.9364 5.0859
0.1 1.5598 2.7016 3.1521 5.4595 2.8816 4.9911
0.2 1.5134 2.6212 3.0821 5.3383 2.7859 4.8254
0.4 1.3330 2.3088 2.5794 4.4676 2.5350 4.3908
0.6 1.0423 1.8053 1.9726 3.4167 2.0829 3.6076
0.8 0.8372 1.4501 1.5754 2.7286 1.6729 2.8976
1.0 0.6914 1.1976 1.2963 2.2453 1.3811 2.3922
Table 8.7: Load factors - Point contacts (2912 elements)
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Figure 8.39: Point contact problem (2912 elements) - von Mises equivalent stress
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Figure 8.40: Point contact problem (2912 elements) - Shakedown loading domain
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Figure 8.41: Point contact problem (2912 elements) - Shakedown load factor
variation with respect to number of elements
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Figure (8.41) and table (8.8) present the variation of shakedown load factor with
respect to the number of elements in case of µf = 0.2.
Number of Number of Elastic Altern. Plasticity Shakedown
elements nodes αE ‖αE‖ αAP ‖αAP ‖ αSD ‖αSD‖
312 469 1.8546 1.8546 3.8078 6.5953 3.7088 6.4238
468 679 2.8546 1.8848 4.8078 8.3273 3.7692 6.5284
560 792 3.8546 1.8554 5.8078 10.0594 3.7104 6.4265
680 957 4.8546 1.6613 6.8078 11.7914 3.3221 5.7541
968 1308 1.5938 1.5938 3.2941 5.7056 3.1872 5.5204
2160 2618 1.5965 1.5965 3.2377 5.6078 3.1922 5.5290
2912 3555 1.5134 2.6212 3.0821 5.3383 2.8090 4.8653
Table 8.8: Shakedown load factor variation with respect to number of elements
8.2.2 Using rounded Mohr-Coulomb criterion
In this section two problems of sliding and rolling contacts by using the rounded
Mohr-Coulomb criterion are considered.
8.2.2.1 Stationary line contact problem
The line contact problem with frictional material solved by Sharp and Booker
[88] is considered. As discussed in the section (3.4), the trapezoid distribution of
contact pressure is replaced by a semi-cylindrical Hertzian distribution pressure in
order to make the model more realistic. Table (8.9) gives the material properties
used in this problem.
E ν c φ H
(MPa) (kPa) (degree) (mm)
468 0.4 17.4 15◦, 30◦, 45◦ 20a
Table 8.9: Material parameters
The shakedown factor αSD determined by the optimization process may be rep-
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resented by a dimensionless shakedown factor:
‖αSD‖ = απa
2 p0
2c
(8.4)
where a is the radius of contact region and c is cohesion.
To avoid the situation where the mean stress (hydrostatic stress) σm is outside
the positive tension limit, the problem 1 in section (5.1.1) is added a constraint
of the mean stress σm. The shakedown problem now can be established:
max α
such that: [Cij]
{
ρj
}
= 0
Fhyp
(
ασEj (x, Pˆk) + ρj
)
≤ 0
σm − (d− a) ≤ 0
α > 0 and −∞ < ρj < +∞
(8.5)
Figure (8.42) and table (8.10) present the variation of the shakedown load factor
with respect to frictional angles of the material. The results are also compared
with that of Sharp and Booker [88].
µf φ = 15
◦ φ = 30◦ φ = 45◦
αSD ‖αSD‖ αSD ‖αSD‖ αSD ‖αSD‖
0.0 4.3530 6.8376 5.9815 9.3957 12.5714 19.7472
0.1 4.0099 6.2987 4.2765 6.7174 7.6187 11.9674
0.2 3.5359 5.5542 3.2483 5.1024 4.7199 7.4141
0.4 2.7716 4.3536 2.4217 3.8040 2.9348 4.6099
0.6 2.1842 3.4310 1.6431 2.5809 2.0341 3.1952
0.8 1.7484 2.7463 1.4187 2.2285 1.4247 2.2379
1.0 1.4565 2.2879 1.1768 1.8485 0.9345 1.4679
Table 8.10: Shakedown load factors - Line contacts (1152 elements)
It is observered that the present solutions are close to that of Sharp and Booker
[88] but not stable. Moreover convergence is slow, the calculation takes many
iterations, and even though the error is small at those high iterations. It is due to
the non-smooth property of the rounded Mohr-Coulomb criterion. An detailed
explanation is presented in section (8.7).
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Figure 8.42: Line contact problem (1152 elements) - rounded Mohr-Coulomb
8.2.2.2 Stationary point contact problem
The point contact problem in section (8.2.1.2) is now investigated by using
rounded Mohr-Coulomb criterion. The shakedown factor αSD determined by
optimization process may be represented by a dimensionless shakedown factor:
‖αSD‖ = PSD
πa2c
=
2p0
3c
αSD (8.6)
where PSD =
2
3
p0πa
2αSD.
Figure (8.43) and table (8.11) present the variation of the shakedown load factor
with respect to frictional angle of φ = 30◦. The relative tolerance of shakedown
load factor with respect to the elastic one varies from 1.40 at µf = 0.1 to 0.48 at
µf = 0.8. It is observed that the shakedown load factor decreases with increasing
frictional coefficients µf . In the other words, the existence of residual stresses
due to the tangential pressure decreases the shakedown limit of the structure
considerably.
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Figure 8.43: Point contact problem (2912 elements) - rounded Mohr-Coulomb
µf φ = 30
◦ Tolerance
Elastic Shakedown
‖αSD‖ − ‖αE‖
‖αE‖
αE ‖αE‖ αSD ‖αSD‖
0.0 5.7629 3.3120 10.4756 6.0204 0.818
0.1 5.1013 2.9318 12.2453 7.0375 1.400
0.2 4.4387 2.5510 8.1011 4.6558 0.825
0.4 3.2524 1.8692 5.0641 2.9104 0.557
0.6 2.4325 1.3980 3.6796 2.1147 0.513
0.8 1.8996 1.0917 2.8118 1.6160 0.480
1.0 1.5457 0.8883 2.3620 1.3574 0.528
Table 8.11: Load factors - Point contacts (2912 elements) using rounded Mohr-
Coulomb criterion
8.3 Point contact on a two-layer pavement
The pavement, which is subjected to Hertzian normal pressure distribution of
point contact as described in the section (3.4), consists of basecourse and subgrade
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layers as shown in figure 8.44. Using finite element method, the pavement then
is discretized as shown in figure 8.45. The material parameters, which are chosen
to calculate the shakedown load limit, are given in table 8.12.
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Figure 8.44: A two-layer pavement model
Layer E ν c φ H
(MPa) (kPa) (degree) (mm)
1 255 0.35 70 30◦ h
2 85 0.40 40 0◦ h′ = 20a− h
Table 8.12: Material parameters
Figure (8.46) and table (8.13) present the effect of
h
a
ratio on the shakedown load
factor for case of
c1
c2
= 1.75 and for various frictional angles of the basecourse
by using the present analysis and that of Collins and Boulbibane (2000) [22].
In comparison of the result of [22], there is a big diffierence. The found solution
seems not to be stable. It is observed that the initial constraint violation θ(x¯) (cf.
section 6.2.2) was about 106 in all cases although the starting point x¯0 was chosen
116 8 Numerical applications
Figure 8.45: Point contact problem (2912 elements) - A two-layer pavement model
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Figure 8.46: Point contact problem (2912 elements) - Shakedown loading domain
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according to the discussion in the section 6.3.2.1. This leads to the degeneration
of the problem.
h
a
φ = 0◦ φ = 20◦ φ = 30◦ φ = 40◦ φ = 50◦
0.5 1.5766 2.3838 2.2450 1.7782 2.7640
1.0 2.4509 3.3953 3.3141 3.4649 3.4102
1.5 2.4475 3.7190 3.8489 3.8672 3.6593
2.0 2.4553 3.5881 3.3820 4.2314 3.8203
2.5 2.4280 3.3280 3.7179 4.0743 3.5688
3.0 2.4350 3.4036 3.7425 3.4463 3.3922
3.5 2.3895 3.2804 3.2435 3.5028 3.3526
Table 8.13: The effect of
h
a
on the shakedown load factor for
c1
c2
= 1.75
8.4 Non-associated behaviour
In this section the problem 2 and the problem 3 in the chapter 5 are consid-
ered. First the non-associated behaviour of a plane strain problem is solved by
using LANCELOT optimizer in order to investigate the two extended theorems
in chapter 4. Then the extended theorems are developed to three dimensional
problems by using the interior point method.
8.4.1 Plane strain problem
A direct shear test under two variable cyclic loads is modelled as a plane strain
problem to investigate the shakedown domain taking into account the non-associated
behaviour of soil. The outline of the problem is shown in figure 8.47. The model
is discretized by using isoparametric quadrilateral elements. The material pa-
rameters are summarized in table 8.14.
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Figure 8.47: Model of direct shear test
E ν c φ ψ
(kN/m2) (kN/m2) (degree) (degree)
12000 0.3 17.32 30◦ 25◦
Table 8.14: Material parameters
The investigations are made in three cases with different number of elements:
• Associated flow rule;
• Non-associated flow rule using both plastic potential and yield condition;
• Non-associated flow rule using only plastic potential.
Figures 8.48, 8.49 and 8.50 present the found results in comparison of Boul-
bibane’s one (1995) [7].
It is found that the shakedown loading domain decreases with increasing number
of elements. When posing both plastic potential and yield criterion for the op-
timization problem, we got a smaller shakedown loading domain. It means that
when taking into account the non-associated behaviour the loading capacity of
the considering problem decreases.
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Figure 8.48: Shakedown loading domain - Associated flow rule
When only the plastic potential function is used, the assumption that plastic
potential function is inside the yield criterion is made. To do that, Boulbibane
suggested the cohesion for plastic potential function was chosen as follows:
cQ = c · tanψ
tanφ
(8.7)
However this assumption in general is not valid, since the plastic potential surfaces
can move outside and cut the yield criterion (see figure 4.1). Therefore the safe
loading region should be the intersectional part of the yield and plastic potential
functions. To investigate that the problem 3 in section (5.1.3) is applied. The
numerical results which is summarized in figures 8.49 and 8.50 shows the difference
of the two mentioned cases.
8.5 Limit analysis of strip footing
Here we solve the problem of strip footing which was proposed by Ho¨eg et al.
(1968) [39] and modified loading width of 10.28 ft. by Chen (1975) [15] to obtain
the limit load. The problem is summarized in figure 8.51.
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Figure 8.49: Shakedown loading domain - Non-associated flow rule using both
plastic potential and yield criterion)
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Figure 8.50: Shakedown loading domain - Non-associated flow rule (a) using both
plastic potential and yield criterion; (b) using only plastic potential
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Figure 8.51: Limit analysis of strip footing
The finite element mesh is shown in figure 8.52.
Figure 8.52: Limit analysis of strip footing - Mesh
Table 8.15 gives the limit load in comparison with other results in [114].
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Reference Analysis method Yield criterion Limit load
Ho¨eg et al. (1968) EPA-FDM Tresca 90
Chen (1975) EPA-FEM von Mises 92
Valliappan (19689) EPA-FEM von Mises 78
Aboustit and Reddy (1980) LA von Mises 85
Zienkiewicz et al. (1969) EPA-FEM von Mises 78
Zhang and Raad (2002) EPA-FEM Mohr Coulomb 106
Zhang and Raad (2002) SA-UB Mohr Coulomb 80
Present analysis SA-LB rounded Mohr Coulomb 83
EPA: Elastic-plastic analysis; FEM: Finite element method
FDM: Finite differences method; LA: limit analysis; SA: Shakedown analysis
UB: Upper bound; LB: Lower bound
Table 8.15: Limit load of strip footing problem - Limit loading factors
8.6 Parameter study for the roundedMohr-Coulomb
criterion
Let us consider a problem of 24 elements as shown in figure 8.53. The structure is
subjected to two variable normal and tangential pressures which are placed over
the surface.
Variations of limit load factor with respect to the parameters a and θT in rounded
Mohr-Coulomb are given on the figures 8.54 and 8.55. The limit load factor
decreases when the value of a increases. It is reasonable because the safe loading
domain in meridional section reduces with increasing the parameter a by invoking
rounded Mohr-Coulomb criterion (2.30) as in figure 8.56. Meanwhile the limit
load factor tends to increase with increasing the transitional angle θT .
Figure 8.57 shows limit loading domains with respect to different frictional an-
gles. In comparison with elastic loading domains the limit loading domains are
larger. Since the mesh is somewhat coarse in this case, it could be found that
the elastic solution of tangential pressure could be not converged to the exact
one. Consequently, the limit loading domains seem to be unstable with respect
to frictional angles.
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Figure 8.53: Mesh of 24 elements problem
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Figure 8.54: Variation of limit load with respect to parameter a
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Figure 8.55: Variation of limit load with respect to parameter θT
Figure 8.56: Investigation of rounded Mohr-Coulomb meridional section [1].
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Figure 8.57: Limit loading domain, cases of φ = 15◦, φ = 25◦ and φ = 30◦
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Figure 8.58: Variation of limit load w.r.t. frictional angles (µf = 0.2).
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Example Total N M L.A. factor αL Iterations CPU seconds
nodes IPOPT IPDCA IPOPT IPDCA IPOPT IPDCA
vm2m(∗) 12 161 82 1.574 1.574 1 1
vm36m(∗) 84 2017 512 57.891 57.867 48 3 3
vm400m(∗) 882 22401 5321 2.420 2.400 17 162 1800
N: number of variables; M: number of constraints. (∗) data and IPDCA’s results provided by [65].
Table 8.16: Comparison of limit load factors by using IPOPT and IPDCA
Example Total nodes N M Shakedown factor αSD Iterations CPU seconds
vm2sp 16 353 274 206.570 106 0.21
vm320 495 25601 11310 90.775 774 20125
vm480 693 38401 16930 70.390 3744 838357
N: number of variables; M: number of constraints.
Table 8.17: Shakedown load factors by using IPOPT
8.7 Efficiencies and difficulties of the interior
point method in IPOPT
The shakedown analysis by using IPOPT optimizer based on the interior method
has advantages as well as disadvantages.
The advantages include the following. First the shakedown problems with a
large number of constraints and variables can be solved in remarkable short time.
Some problems with a few million variables can be solved but those problems
have to be very highly structured. Table (8.16) give some examples to investigate
the time efficiency in comparison with IPDCA. Table (8.17) presents another
examples to show the efficiency of the presented method. Second IPOPT can also
solve the shakedown analysis with nonconvex objective function and constraints,
but they should be twice continuously differentiable. Finally, we can implement
complicated yield function since IPOPT is open source code written in both C++
and Fortran programming languages.
However some difficulties appears when using IPOPT. The following section
presents some of them and how to overcome these difficulties when using rounded
Morh-Coulomb criterion.
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Compiler Linux (g77) Linux (g77) Unix (ifort) Unix (ifort) Unix (ifort)
(kN/m2) −1.0 ≤ p ≤ 0.0 −103 ≤ p ≤ −1.0 −1.0 ≤ p ≤ 0.0 −103 ≤ p ≤ −0.0 −103 ≤ p ≤ −1.0
0.0 ≤ q ≤ 1.0 1.0 ≤ q ≤ 103 0.0 ≤ q ≤ 1.0 0.0 ≤ q ≤ 103 1.0 ≤ q ≤ 103
αSD 67.46 0.06914 69.11 0.06737 0.06768
Iter. 6735 549 681 117 59
Note Not converged Converged Converged Converged Converged
Table 8.18: Scaling bounds of variable loads
First, some singularities appear in the yield criterion while analyzing the shake-
down problem. This leads to the undetermined values of differentials which are
required by IPOPT . For example, in the rounded Mohr-Coulomb criterion, there
is a singular point at p = q = 0. The rounded Mohr-Coulomb criterion becomes
undetermined due to division of zeros. To avoid the difficulty at zero loading,
we can use the origin form of Mohr Coulomb in this special case. It means,
F = −c · cosφ ≤ 0, which is always satisfied the inequality constraints and me-
chanical property.
Second, there is bad convergence in case of non-smooth objective and constraint
function. To investigate the convergence behaviour, an example of two elements
as shown in figure 8.59 is solved by using rounded Mohr-Coulomb criterion. The
convergence behavior obtained from the output of IPOPT is certainly not nice. It
takes many iterations and even though the error is small at those high iterations.
The shakedown problem does not converge quickly. The reason is that IPOPT
requires smooth objective and constraint function and it essentially works with
a local linear/quadratic model of those functions, based on a first and second
order Taylor expansions. Therefore, if we give IPOPT functions that are not
continuously differentiable, this model can be bad and might not sufficiently
well predict the behavior of the actual objective and constraint functions. The
computed search direction, which is based on the model, can be bad since the
algorithm gets trapped at a non-smooth point. To avoid such trapped points, the
scaling problem in optimization process should be noticed. Table 8.18 presents
some results obtained from scaling bounds of the loads. There are many views of
how a problem is well scaled. From our experiences, the following strategy works
quite good: A problem is well scaled, if the typical values of sensitivities of the
functions with respect to the variables (i.e. the non-zero elements in the objective
function gradient and constraint Jacobian) are order mainly of 1 or very large
values as well as very small values should be avoided.
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Figure 8.59: An example of two elements
Finally the problem of rolling and sliding contacts for shakedown analysis of
pavements becomes easily badly scaled, especially the problem of a large number
of elements. Two cases can lead the shakedown problem to be badly scaled.
First, the starting point x¯0 as discussed in the section 6.3.2 is not a good one
so that the Jacobian at that point leads to very small values, especially at the
corner Pˆ1 = (0, 0) of the loading domain. Second, the sparsity structure of
equilibirum matrix [Cij] leads to many nonzeros. In both cases the linear solver
of the optimizer can create a lot of fill-in in the factorization. This can be a
consequence of a strongly degenerate problem.
We can avoid a bad starting point by using the constraint violation θ (x¯0) in the
section 6.2.2. The starting point is well chosen when the constraint violation
θ (x¯0) is on the order of 10
2 or 103. The typical values in the Jacobian should be
on the order of 1 to 10 so that Jacobian at the starting point does not lead to
very small value. For the second case, the only way is to change the linear solver.
The parallel sparse direct linear solver PARDISO should be use instead of any
common linear solver.
If a sparse linear solver is not available, the reduced technique can be used.
Instead of solving the optimization problem in the complete space of residual
stresses, we can solve iteratively in a sequence of subspaces with very low dimen-
sions. Then the shakedown load factor is the maximum one of these subspaces.
In the following an example of point contact is considered to illustrate the tech-
nique. Based upon the elastic solution, three cases as shown in figures 8.61, 8.62
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Figure 8.60: Point contacts - Shakedown loading domains
and 8.63 are investigated by using the von Mises criterion. The geometry and
input data are given in section 8.2.1.2. Tables 8.19, 8.20 and 8.21 present the
numerical results of the shakedown load factors. It is found that although the
subspace of 28 elements contained the maximum elastic load factor, the shake-
down load factor of this subspace does not give the final value of the shakedown
load factor for the whole structure. It is due to the effective region of the vertical
pressure at the shakedown state is lower. Meanwhile the subspace of 72 elements
can cover the effective region where the shakedown takes place. Therefore in the
point contact problem, investigation of the shakedown load factor can be carried
out at a certain depth of the pavement. Figure 8.60 shows the shakedown loading
domains of three previous cases.
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Figure 8.62: Subspace of 28 elements
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Figure 8.63: Subspace of 72 elements
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P
Q
Elastic Alternating Plastic Shakedown
αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
0.0 2.4077 4.1702 4.8097 8.3307 3.7990 6.5801
0.1 2.2634 3.9204 4.6159 7.9949 3.6611 6.3412
0.2 2.0877 3.6161 4.3468 7.5289 3.5299 6.1140
0.4 1.7630 3.0536 3.6756 6.3664 3.2849 5.6896
0.6 1.5004 2.5988 3.0884 5.3493 3.0008 5.1975
0.8 1.2944 2.2420 2.6262 4.5487 2.5888 4.4839
1.0 1.1325 1.9616 2.2675 3.9274 2.2265 3.8564
Table 8.19: Load factors - Point contacts (28 elements)
P
Q
Elastic Alternating Plastic Shakedown
αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
0.0 2.4077 4.1702 4.8097 8.3307 4.8152 8.3401
0.1 2.2634 3.9204 4.6159 7.9949 4.5268 7.8406
0.2 2.0877 3.6161 4.3468 7.5289 4.1754 7.2320
0.4 1.7630 3.0536 3.6756 6.3664 3.5260 6.1072
0.6 1.5004 2.5988 3.0884 5.3493 3.0008 5.1975
0.8 1.2944 2.2420 2.6262 4.5487 2.5888 4.4839
1.0 1.1325 1.9616 2.2675 3.9274 2.2650 3.9231
Table 8.20: Load factors - Point contacts (72 elements)
P
Q
Elastic Alternating Plastic Shakedown
αE ‖αE‖ αAP ‖αAP‖ αSD ‖αSD‖
0.0 4.8152 8.3401 2.4077 4.1702 4.8097 8.3307
0.1 4.5268 7.8406 2.2634 3.9204 4.6159 7.9949
0.2 4.1754 7.2320 2.0877 3.6161 4.3468 7.5289
0.4 3.5260 6.1072 1.7630 3.0536 3.6756 6.3664
0.6 3.0008 5.1975 1.5004 2.5988 3.0884 5.3493
0.8 2.5888 4.4839 1.2944 2.2420 2.6262 4.5487
1.0 2.2650 3.9231 1.1325 1.9616 2.2675 3.9274
Table 8.21: Load factors - Point contacts (208 elements)
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9 Conclusion
In this thesis it has been shown how the lower-bound shakedown analysis can be
used to determine rational criteria for repeated rolling/sliding line contact as well
as stationary contacts in pavements. Two extended theorems are presented for
taking into account the non-associated behaviour. The Melan’s theorem as well
as the two extended theorems provide shakedown limits which ensure that failure
due to accumulation plastic strain will be avoided in the steady state with respect
to associated or non-associated long term behaviour. With the help of the interior
point method, problems with large numbers of variables, which always exist in
pavement analysis, now can be handled. The presented method provides an easy
and practical way to model multi-layered pavements in shakedown analysis since
it is based upon the finite element method and nonlinear optimization techniques.
The results for some shakedown problems seem to be degenerated or unstable and
should therefore interpreted with caution. Nevertheless, the present method is a
helpful tool to calculate directly the shakedown and limit load factors.
Although the viscous behaviour of asphalt as well as the presence of pore-water is
very important in pavement analysis, the implementation of the rounded Mohr-
Coulomb criterion provides a good insight to shakedown analysis of frictional
materials in three dimensional continua. To avoid the degeneration of the shake-
down problem, a numerical study for bounds on the hydrostatic stress as discussed
in the chapter 7 should be tested. It should be noticed that the scaling problem
of the shakedown analysis which is discussed in details in the chapter 8 is very
important. To improve the scaling the problem formulation should be revisited,
in particular the constraint functions in order to avoid the tiny values of entries
in Jacobian by multiplying constraint functions with a constant.
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A.1 Gradient and Hessian for the roundedMohr-
Coulomb criterion
In this section we will evaluate the derivatives for the hyperbolic Mohr-Coulomb
criterion (2.30) (see section (2.5.3)) in order to calculate Ak and W k.
Let σ denote a vector of the total stress state andX a vector of shakedown factor
and residual stress.
σT = {σx σy σz σxy σyz σzx}
andXT = {α ρx ρy ρz ρxy ρyz ρzx} = {X1 X2 X3 X4 X5 X6 X7}
Then using the chain rule, the calculation of gradient and Hessian matrix is
performed by the two following steps. Firstly, gradient and Hessian matrix are
calculated with respect to σ. Then they are calculated with respect to X
A.1.1 Gradient
A.1.1.1 With respect to σ
The gradient of the yield surface:
∇σF = ∂F
∂σ
=
{
∂F
∂σx
∂F
∂σy
∂F
∂σz
∂F
∂σxy
∂F
∂σyz
∂F
∂σzx
}
(A.1)
Using the convenient method proposed by Nayak and Zienkiewicz [66], the gra-
dient can be computed in the form:
Gradient of Mohr-Coulomb surface:
∇σFmc = ∂F
∂σ
= Cmc1
∂σm
∂σ
+ Cmc2
∂σ¯
∂σ
+ Cmc3
∂J3
∂σ
(A.2)
Gradient of rounded Mohr-Coulomb surface:
∇σF = ∂F
∂σ
= Ch1
∂σm
∂σ
+ Ch2
∂σ¯
∂σ
+ Ch3
∂J3
∂σ
(A.3)
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where
Cmc1 = sinφ C
h
1 = C
mc
1
Cmc2 = K − tan3θ
dK
dθ
Ch2 = βC
mc
2
Cmc3 = −
√
3
2cos3θσ¯2
dK
dθ
Ch2 = βC
mc
3
(A.4)
β =
σ¯K√
σ¯2K2 + a2sin2φ
(A.5)
∂K
∂θ
=


−3Bcos3θ |θ| > θT(
−sinθ − 1√
3
sinφcosθ
)
|θ| ≤ θT
(A.6)
∂σm
∂σ
=
1
3
{1 1 1 0 0 0} (A.7)
∂σ¯
∂σ
=
1
2σ¯
{sx sy sz 2σxy 2σyz 2σzx} (A.8)
∂J3
∂σ
=
σ¯2
3


sysz − σ2yz
sxsz − σ2zx
sxsy − σ2xy
2 (σyzσzx − szσxy)
2 (σzxσxy − sxσyz)
2 (σxyσyz − syσzx)


+
σ¯2
3


1
1
1
0
0
0


(A.9)
A.1.1.2 With respect to X
Let us denote
∇XF = ∂F
∂X
=
{
∂F
∂α
∂F
∂ρx
∂F
∂ρy
∂F
∂ρxy
∂F
∂ρyz
∂F
∂ρzx
}
(A.10)
Using the chain rule, we have
∇XF = ∂F
∂X
=
∂F
∂σ
∂σ
∂X
(A.11)
Invoking (3.15), σ can be calculated as:
σ =


σx
σy
σz
σxy
σyz
σzx


=


ασEx + ρx
ασEy + ρy
ασEz + ρz
ασExy + ρxy
ασEyz + ρyz
ασEzx + ρzx


(A.12)
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Gradient of σ with respect to X
∂σ
∂X
=


∂σx
∂α
∂σx
∂ρx
∂σx
∂ρy
∂σx
∂ρz
∂σx
∂ρxy
∂σx
∂ρyz
∂σx
∂ρzx
∂σy
∂α
∂σy
∂ρx
∂σy
∂ρy
∂σy
∂ρz
∂σy
∂ρxy
∂σy
∂ρyz
∂σy
∂ρzx
∂σz
∂α
∂σz
∂ρx
∂σz
∂ρy
∂σz
∂ρz
∂σz
∂ρxy
∂σz
∂ρyz
∂σz
∂ρzx
∂σxy
∂α
∂σxy
∂ρx
∂σxy
∂ρy
∂σxy
∂ρz
∂σxy
∂ρxy
∂σxy
∂ρyz
∂σxy
∂ρzx
∂σyz
∂α
∂σyz
∂ρx
∂σyz
∂ρy
∂σyz
∂ρz
∂σyz
∂ρxy
∂σyz
∂ρyz
∂σyz
∂ρzx
∂σzx
∂α
∂σzx
∂ρx
∂σzx
∂ρy
∂σzx
∂ρz
∂σzx
∂ρxy
∂σzx
∂ρyz
∂σzx
∂ρzx


=


σEx 1 0 0 0 0 0
σEy 0 1 0 0 0 0
σEz 0 0 1 0 0 0
σExy 0 0 0 1 0 0
σEyz 0 0 0 0 1 0
σEzx 0 0 0 0 0 1


(A.13)
Briefly,
∂σi
∂Xj
= σEi for j=1 (A.14)
∂σi
∂Xj
=
{
0 if i 6= j-1
1 if i = j-1
for j=2÷7 (A.15)
Finally, the gradient of is given by
∇xF = ∂F
∂Xj
=
∂F
∂σi
∂σi
∂Xj
=
∂F
∂σx
∂σx
∂Xj
+
∂F
∂σy
∂σy
∂Xj
+ . . .+
∂F
∂σzx
∂σzx
∂Xj
(A.16)
where,
∂F
∂X1
=
∂F
∂σi
∂σi
∂X1
=
∂F
∂σi
σEi (A.17)
and
∂F
∂Xj
=
∂F
∂σi
∂σi
∂Xj
=
∂F
∂σx
∂σx
∂Xj
+
∂F
∂σy
∂σy
∂Xj
+ . . .+
∂F
∂σz
∂σz
∂Xj
=
∂F
∂σi
∂σi
∂Xj−1
for j=2÷7
(A.18)
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A.1.2 Hessian matrix
A.1.2.1 With respect to σ
Differentiating (A.2) and (A.3) gives the Hessian of Mohr-Coulomb surface:
HσF =
∂2F
∂2σ
=
∂Cmc2
∂σ
∂σ¯
∂σ
+ Cmc2
∂2σ¯
∂σ2
+
∂Cmc3
∂σ
∂J3
∂σ
+ Cmc3
∂2J3
∂σ2
(A.19)
Hessian of rounded Mohr-Coulomb surface:
HσF =
∂2F
∂2σ
=
∂Ch2
∂σ
∂σ¯
∂σ
+ Ch2
∂2σ¯
∂σ2
+
∂Ch3
∂σ
∂J3
∂σ
+ Ch3
∂2J3
∂σ2
(A.20)
where,
∂2K
∂θ2
=


9Bsin3θ |θ| > θT(
−cosθ + 1√
3
sinφsinθ
)
|θ| ≤ θT
(A.21)
∂θ
∂σ
= −
√
3
2σ¯3cos3θ
(
∂J3
∂σ
− 3J3
σ¯
∂σ¯
∂σ
)
(A.22)
∂Cmc2
∂σ
=
∂θ
∂σ
(
∂K
∂θ
− ∂K
2
∂θ2
tan3θ − 3∂K
∂θ
1
cos23θ
)
(A.23)
∂Cmc3
∂σ
=
√
3
2σ¯2cos3θ
[
∂θ
∂σ
(
−∂K
2
∂θ2
− 3∂K
∂θ
tan3θ
)
+
2
σ¯
∂K
∂θ
∂σ¯
∂σ
]
(A.24)
∂Ch2
∂σ
= β
∂Cmc2
∂σ
+ Cmc2
∂β
∂σ
(A.25)
∂Ch3
∂σ
= β
∂Cmc3
∂σ
+ Cmc3
∂β
∂σ
(A.26)
∂β
∂σ
=
1− β2√
σ¯2K2 + a2sin2φ
(
∂σ¯
∂σ
K + σ¯
∂K
∂θ
θ
∂σ
)
(A.27)
∂2σ¯
∂σ2
=
1
σ¯


1
3
− sxsx
4σ¯2
. . . . . . . . . . . . . . .
−1
6
− sxsx
4σ¯2
1
3
− sysy
4σ¯2
. . . . . . . . . . . .
−1
6
− sxsz
4σ¯2
−1
6
− sysz
4σ¯2
1
3
− szsz
4σ¯2
. . . . . . . . .
−σxysx
2σ¯2
−σxysy
2σ¯2
−σxysz
2σ¯2
1− σxyσxy
σ¯2
. . . . . .
−σyzsx
2σ¯2
−σyzsy
2σ¯2
−σyzsz
2σ¯2
−σxyσyz
σ¯2
1− σyzσyz
σ¯2
. . .
−σzxsx
2σ¯2
−σzxsy
2σ¯2
−σzxsz
2σ¯2
−σzxσxy
σ¯2
−σzxσyz
σ¯2
1− σzxσzx
σ¯2


(A.28)
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∂2J3
∂σ2
=
1
3


sx − sy − sz . . . . . . . . . . . . . . .
2sz sy − sz − sx . . . . . . . . . . . .
2sy 2sx sz − sx − sy . . . . . . . . .
2σxy 2σxy −4σxy −6sz . . . . . .
−4σyz 2σyz 2σyz 6σzx −6sx . . .
2σzx −4σzx 2σzx 6σyz 6σxy −6sy


(A.29)
A.1.2.2 With respect to X
The Hessian of yield surface is defined by
HXF =
∂2F
∂X2
=
∂2F
∂Xi∂Xj
=
∂
∂Xi
(
∂F
∂Xj
)
=
∂
∂Xi
(
∂F
∂σk
∂σk
∂Xj
)
=
∂
∂Xi
(
∂F
∂σk
)
∂σk
∂Xj
+
∂F
∂σk
∂
∂Xi
(
∂σk
∂Xj
)
=
[
∂
∂σp
(
∂F
∂σk
)
∂σp
∂Xi
]
∂σk
∂Xj
+
∂F
∂σk
∂
∂Xi
(
∂σk
∂Xj
)
=
[
∂
∂σp
(
∂F
∂σk
)
∂σp
∂Xi
]
∂σk
∂Xj
+ 0
=
[
∂
∂σp
(
∂F
∂σk
)
∂σp
∂Xi
]
∂σk
∂Xj
(A.30)
∀i, j = 1, 7 ∀k, p = 1, 6
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• For i = j = 1
∂2F
∂X1∂X1
=
[
∂
∂σp
(
∂F
∂σk
)
∂σp
∂X1
]
∂σk
∂X1
=
[
∂
∂σx
(
∂F
∂σk
)
∂σx
∂X1
]
∂σk
∂X1
+
[
∂
∂σy
(
∂F
∂σk
)
∂σy
∂X1
]
∂σk
∂X1
+
+ . . .+
[
∂
∂σzx
(
∂F
∂σk
)
∂σzx
∂X1
]
∂σk
∂X1
=
[
∂
∂σx
(
∂F
∂σk
)
σEx
]
∂σk
∂X1
+
[
∂
∂σy
(
∂F
∂σk
)
σEy
]
∂σk
∂X1
+
+ . . .+
[
∂
∂σzx
(
∂F
∂σk
)
σEzx
]
∂σk
∂X1
= σEx
[
∂
∂σx
(
∂F
∂σx
)
∂σx
∂X1
+
∂
∂σx
(
∂F
∂σy
)
∂σy
∂X1
+ . . .+
∂
∂σx
(
∂F
∂σzx
)
∂σzx
∂X1
]
+
+σEy
[
∂
∂σy
(
∂F
∂σx
)
∂σx
∂X1
+
∂
∂σy
(
∂F
∂σy
)
∂σy
∂X1
+ . . .+
∂
∂σy
(
∂F
∂σzx
)
∂σzx
∂X1
]
+
+σEzx
[
∂
∂σzx
(
∂F
∂σx
)
∂σx
∂X1
+
∂
∂σzx
(
∂F
∂σy
)
∂σy
∂X1
+ . . .+
∂
∂σzx
(
∂F
∂σzx
)
∂σzx
∂X1
]
= σEx
[
∂
∂σx
(
∂F
∂σx
)
σEx +
∂
∂σx
(
∂F
∂σzx
)
σEy + . . .+
∂
∂σx
(
∂F
∂σzx
)
σEzx
]
+
+σEy
[
∂
∂σy
(
∂F
∂σx
)
σEx +
∂
∂σy
(
∂F
∂σy
)
σEy + . . .+
∂
∂σy
(
∂F
∂σzx
)
σEzx
]
+
+ . . .
+σEzx
[
∂
∂σzx
(
∂F
∂σx
)
σEx +
∂
∂σzx
(
∂F
∂σy
)
σEy + . . .+
∂
∂σzx
(
∂F
∂σzx
)
σEzx
]
= σEx
(
∂2F
∂σx∂σx
∂2F
∂σx∂σy
· · · ∂
2F
∂σx∂σzx
)


σEx
σEy
. . .
σEzx


+σEy
(
∂2F
∂σx∂σx
∂2F
∂σy∂σy
· · · ∂
2F
∂σy∂σzx
)


σEx
σEy
. . .
σEzx


+ . . .
+ σEzx
(
∂2F
∂σzx∂σx
∂2F
∂σzx∂σy
· · · ∂
2F
∂σzx∂σzx
)


σEx
σEy
. . .
σEzx

 (A.31)
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• For i, j = 2, 7
∂2F
∂Xi∂Xj
=
[
∂
∂σp
(
∂F
∂σk
)
∂σp
∂Xi
]
∂σk
∂Xj
=
[
∂
∂σp
(
∂F
∂σx
)
∂σp
∂Xi
]
∂σx
∂Xj
+
[
∂
∂σp
(
∂F
∂σy
)
∂σp
∂Xi
]
∂σy
∂Xj
+ . . .+
[
∂
∂σp
(
∂F
∂σzx
)
∂σp
∂Xi
]
∂σzx
∂Xj
=
[
∂
∂σp
(
∂F
∂σj−1
)
∂σp
∂Xi
]
∂σj−1
∂Xj
=
∂
∂σp
(
∂F
∂σj−1
)
∂σp
∂Xi
∂2F
∂Xi∂Xj
=
∂
∂σp
(
∂F
∂σj−1
)
∂σp
∂Xi
=
∂
∂σx
(
∂F
∂σj−1
)
∂σx
∂Xi
+
∂
∂σy
(
∂F
∂σj−1
)
∂σy
∂Xi
+ . . .+
∂
∂σzx
(
∂F
∂σj−1
)
∂σzx
∂Xi
=
∂
∂σi−1
(
∂F
∂σj−1
)
∂σi−1
∂Xi
=
∂
∂σi−1
(
∂F
∂σj−1
)
=
∂2F
∂σi−1∂σj−1
(A.32)
• For i = 1 and j = 2, 7
∂2F
∂X1∂Xj
=
[
∂
∂σp
(
∂F
∂σk
)
∂σp
∂X1
]
∂σk
∂Xj
=
[
∂
∂σx
(
∂F
∂σk
)
∂σx
∂X1
]
∂σk
∂Xj
+
[
∂
∂σy
(
∂F
∂σk
)
∂σy
∂X1
]
∂σk
∂Xj
+
+ . . .+
[
∂
∂σzx
(
∂F
∂σk
)
∂σzx
∂X1
]
∂σk
∂Xj
=
[
∂
∂σx
(
∂F
∂σj−1
)
σEx
]
∂σj−1
∂Xj
+
[
∂
∂σy
(
∂F
∂σj−1
)
σEy
]
∂σj−1
∂Xj
+
+ . . .+
[
∂
∂σzx
(
∂F
∂σj−1
)
σEzx
]
∂σj−1
∂Xj
=
∂
∂σx
(
∂F
∂σj−1
)
σEx +
∂
∂σy
(
∂F
∂σj−1
)
σEy + . . .+
∂
∂σzx
(
∂F
∂σj−1
)
σEzx
=


∂
∂σx
(
∂F
∂σj−1
)
∂
∂σy
(
∂F
∂σj−1
)
. . .
∂
∂σzx
(
∂F
∂σj−1
)


(
σEx σ
E
y . . . σ
E
zx
)
(A.33)
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B Appendix B
B.1 Gradient of constraints for (7.24)
The derivatives of the three first constraints in (7.24) can be found in the appendix
A. In the following the derivatives of the two last constraints are presented. Let
us denote:
Fc = σm − 1
3D
ln(u) (B.1)
where
u = 1− w0 1
η
α
α− 1
1
Ωe
∫
Ωe
g(ρ¯) dΩ (B.2)
w0 =
1
W
sinψ
1 +
1
2
sin2ψ
(B.3)
1
η
=
√
3
2
1
σ1
(B.4)
σ1 =
2√
3
σ¯sin
(
θ + 1200
)
+ σm (B.5)
g(ρ¯) =
1
2
ρ¯ :D−1 : ρ¯ (B.6)
Derivative of Fc with respect to α is
∂Fc
∂α
=
∂σm
∂α
− 1
3D
1
u
∂u
∂α
=
∂σm
∂α
− 1
3D
1
u
{
w0
1
η
1
(α− 1)2
1
Ωe
∫
Ωe
g(ρ¯) dΩ
+ w0
α
α− 1
(
1
Ωe
∫
Ωe
g(ρ¯) dΩ
)√
3
2
(
1
σ21
)
∂σ1
∂α
}
(B.7)
where
∂σ1
∂α
=
[
2√
3
∂σ¯
∂σ
∂σ
∂α
sin
(
θ + 1200
)
+
2√
3
σ¯cos
(
θ + 1200
) ∂θ
∂α
+
∂σm
∂α
]
(B.8)
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Derivative of Fc with respect to ρ¯ is
∂Fc
∂ρ¯
=
∂σm
∂ρ¯
− 1
3D
1
u
∂u
∂ρ¯
=
∂σm
∂ρ¯
+
1
3D
1
u
{
w0
[
∂
∂ρ¯
(
1
η
)]
α
α− 1
1
Ωe
∫
Ωe
g(ρ¯) dΩ
+ w0
1
η
α
α− 1
1
Ωe
∂
∂ρ¯
[∫
Ωe
g(ρ¯) dΩ
]}
(B.9)
where
∂
∂ρ¯
(
1
η
)
=
√
3
2
∂
∂ρ¯
(
1
σ1
)
= −
√
3
2
(
1
σ21
)
∂σ1
∂ρ¯
(B.10)
∂σ1
∂ρ¯
=
[
2√
3
∂σ¯
∂σ
∂σ
∂ρ¯
sin
(
θ + 1200
)
+
2√
3
σ¯cos
(
θ + 1200
) ∂θ
∂ρ¯
+
∂σm
∂ρ¯
]
(B.11)
B.2 Hessian of constraints
Second derivative of Fc with respect to α
∂2Fc
∂α2
=
∂2σm
∂α2
− 1
3D
∂
∂α
(
1
u
∂u
∂α
)
=
∂2σm
∂α2
− 1
3D
[
− 1
u2
(
∂u
∂α
)2
+
1
u
∂2u
∂α2
]
(B.12)
where
∂2u
∂α2
=
∂
∂α
{
w0
1
η
1
(α− 1)2
1
Ωe
∫
Ωe
g(ρ¯) dΩ
+ w0
α
α− 1
(
1
Ωe
∫
Ωe
g(ρ¯) dΩ
)√
3
2
(
1
σ21
)
∂σ1
∂α
}
=
{
w0
∂
∂α
(
1
η
)
1
(α− 1)2
1
Ωe
∫
Ωe
g(ρ¯) dΩ− w0 1
η
2
(α− 1)3
1
Ωe
∫
Ωe
g(ρ) dΩ
− w0 1
(α− 1)2
(
1
Ωe
∫
Ωe
g(ρ¯) dΩ
)√
3
2
(
1
σ21
)
∂σ1
∂α
+ w0
α
α− 1
(
1
Ωe
∫
Ωe
g(ρ¯) dΩ
)√
3
2
∂
∂α
[(
1
σ21
)
∂σ1
∂α
]}
(B.13)
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∂
∂α
[(
1
σ21
)
∂σ1
∂α
]
= −
(
2
σ31
)(
∂σ1
∂α
)2
+
(
1
σ21
)
∂
∂α
(
∂σ1
∂α
)
(B.14)
∂
∂α
(
∂σ1
∂α
)
=
∂
∂α
[
2√
3
∂σ¯
∂σ
∂σ
∂α
sin
(
θ + 1200
)
+
2√
3
σ¯cos
(
θ + 1200
) ∂θ
∂α
+
∂σm
∂α
]
=
2√
3
∂2σ¯
∂σ2
∂2σ
∂α2
sin
(
θ + 1200
)
+
2√
3
∂σ¯
∂σ
∂σ
∂α
cos
(
θ + 1200
) ∂θ
∂α
+
2√
3
∂σ¯
∂σ
∂σ
∂α
cos
(
θ + 1200
) ∂θ
∂α
− 2√
3
σ¯sin
(
θ + 1200
)( ∂θ
∂α
)2
+
2√
3
σ¯cos
(
θ + 1200
) ∂2θ
∂α2
+
∂2σm
∂α2
(B.15)
∂u
∂α
= w0
1
η
1
(α− 1)2
1
Ωe
∫
Ωe
g(ρ¯) dΩ + w0
α
α− 1
(
1
Ωe
∫
Ωe
g(ρ¯) dΩ
)√
3
2
(
1
σ21
)
∂σ1
∂α
(B.16)
∂
∂α
(
1
η
)
=
√
3
2
∂
∂α
(
1
σ1
)
= −
√
3
2
(
1
σ21
)
∂σ1
∂α
(B.17)
∂σ1
∂α
is calculated from (B.8)
Second derivative of Fc with respect to ρ¯ is given as follows:
∂2Fc
∂ρ¯2
=
∂2σm
∂ρ¯2
− 1
3D
∂
∂ρ¯
[
1
u
∂u
∂ρ¯
]
=
∂2σm
∂ρ¯2
+
1
3D
1
u2
(
∂u
∂ρ¯
)2
− 1
3D
1
u
∂2u
∂ρ¯2
(B.18)
where
∂2u
∂ρ¯2
= −w0
[
∂2
∂ρ¯2
(
1
η
)]
α
α− 1
1
Ωe
∫
Ωe
g(ρ¯) dΩ
− w0
[
∂
∂ρ¯
(
1
η
)]
α
α− 1
1
Ωe
∂
∂ρ¯
[∫
Ωe
g(ρ¯) dΩ
]
− w0 1
η
α
α− 1
1
Ωe
∂2
∂ρ¯2
[∫
Ωe
g(ρ¯) dΩ
]
(B.19)
∂2
∂ρ¯2
(
1
η
)
=
√
3
2
∂2
∂ρ¯2
(
1
σ1
)
= 2
√
3
2
(
1
σ31
)(
∂σ1
∂ρ¯
)2
−
√
3
2
(
1
σ21
)
∂σ21
∂ρ¯2
(B.20)
146 B Appendix B
∂σ21
∂ρ¯2
=
2√
3
∂2σ¯
∂σ2
∂2σ
∂ρ¯2
sin
(
θ + 1200
)
+
2√
3
∂σ¯
∂σ
∂σ
∂ρ¯
cos
(
θ + 1200
) ∂θ
∂ρ¯
+
2√
3
∂σ¯
∂σ
∂σ
∂ρ¯
cos
(
θ + 1200
) ∂θ
∂ρ¯
− 2√
3
σ¯sin
(
θ + 1200
)( ∂θ
∂ρ¯
)2
+
2√
3
σ¯cos
(
θ + 1200
) ∂2θ
∂ρ¯2
+
∂2σm
∂ρ¯2
(B.21)
∂u
∂ρ¯
= w0
[
∂
∂ρ¯
(
1
η
)]
α
α− 1
1
Ωe
∫
Ωe
g(ρ¯) dΩ + w0
1
η
α
α− 1
1
Ωe
∂
∂ρ¯
[∫
Ωe
g(ρ¯) dΩ
]
(B.22)
∂
∂ρ¯
(
1
η
)
is calculated in (B.10)
Recall (A.22) for the first derivative of θ with respect to σ:
∂θ
∂σ
= −
√
3
2σ¯3cos3θ
(
∂J3
∂σ
− 3J3
σ¯
∂σ¯
∂σ
)
(B.23)
Taking the second derivative of θ with respect to σ, we have:
∂2θ
∂σ2
=
∂
∂σ
[
−
√
3
2σ¯3cos3θ
∂J3
∂σ
+
√
3
2σ¯3cos3θ
3J3
σ¯
∂σ¯
∂σ
]
(B.24)
The first term of Eq. (B.24) yields
∂
∂σ
[
−
√
3
2σ¯3cos3θ
∂J3
∂σ
]
=
[
3
√
3
2σ¯4cos3θ
∂σ¯
∂σ
− 3
√
3
2σ¯3
sin3θ
cos23θ
∂θ
∂σ
]
∂J3
∂σ
−
√
3
2σ¯3cos3θ
∂2J3
∂σ2
(B.25)
The second term of Eq. (B.24) yields
∂
∂σ
[ √
3
2σ¯3cos3θ
3J3
σ¯
∂σ¯
∂σ
]
=
[
− 3
√
3
2σ¯4cos3θ
∂σ¯
∂σ
+
3
√
3
2σ¯3
sin3θ
cos23θ
∂θ
∂σ
]
3J3
σ¯
∂σ¯
∂σ
+
3
√
3
2σ¯3cos3θ
[
1
σ¯
∂J3
∂σ
− J3
σ¯2
∂σ¯
∂σ
]
∂σ¯
∂σ
+
3
√
3
2σ¯3cos3θ
3J3
σ¯
∂2σ¯
∂σ2
(B.26)
The first and second derivative of σ¯, σ with respect to α and ρ¯, the first deriva-
tive of J3 with respect to σ can be found in the chapter 6. The first and second
derivative of
∫
Ωe
g(ρ¯) dΩ with respect to ρ¯ are expanded in the next section.
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B.3 Derivative of
∫
Ωe
g(ρ¯) dΩ
Recall Eq. (B.6)
g(ρ¯) =
1
2
ρ¯ :D−1 : ρ¯
=
1
E
[
ρ¯2x + ρ¯
2
y + ρ¯
2
z + 2 (1 + ν)
(
ρ¯2xy + ρ¯
2
yz + ρ¯
2
zx
)
− 2ν (ρ¯xρ¯y + ρ¯yρ¯z + ρ¯zρ¯x)] (B.27)
Taking integral of g(ρ¯) over the whole volume yields∫
Ωe
g(ρ¯) dΩ =
nGauss=8∑
i=1
g(ρ¯i)Wi detJ (B.28)
Let us calculate the first derivative of Eq. (B.28)(
∂
∂ρ¯x
)
i
∫
Ωe
g(ρ¯) dΩ =
2
E
(ρ¯x − νρ¯y)iWi detJ (B.29)(
∂
∂ρ¯y
)
i
∫
Ωe
g(ρ¯) dΩ =
2
E
(ρ¯y − νρ¯z)iWi detJ (B.30)(
∂
∂ρ¯z
)
i
∫
Ωe
g(ρ¯) dΩ =
2
E
(ρ¯z − νρ¯x)iWi detJ (B.31)(
∂
∂ρ¯xy
)
i
∫
Ωe
g(ρ¯) dΩ =
4
E
(1 + ν) (ρ¯xy)iWi detJ (B.32)(
∂
∂ρ¯yz
)
i
∫
Ωe
g(ρ¯) dΩ =
4
E
(1 + ν) (ρ¯yz)iWi detJ (B.33)(
∂
∂ρ¯zx
)
i
∫
Ωe
g(ρ¯) dΩ =
4
E
(1 + ν) (ρ¯zx)iWi detJ (B.34)
The second derivative of Eq. (B.28) becomes(
∂2
∂ρ¯2x
)
i
∫
Ωe
g(ρ¯) dΩ =
(
∂2
∂ρ¯2y
)
i
∫
Ωe
g(ρ¯) dΩ =
(
∂2
∂ρ¯2z
)
i
∫
Ωe
g(ρ¯) dΩ
=
2
E
Wi detJ (B.35)(
∂2
∂ρ¯xρ¯y
)
i
∫
Ωe
g(ρ¯) dΩ =
(
∂2
∂ρ¯yρ¯z
)
i
∫
Ωe
g(ρ¯) dΩ =
(
∂2
∂ρ¯zρ¯x
)
i
∫
Ωe
g(ρ¯) dΩ
= −2ν
E
Wi detJ (B.36)(
∂2
∂ρ¯2xy
)
i
∫
Ωe
g(ρ¯) dΩ =
(
∂2
∂ρ¯2yz
)
i
∫
Ωe
g(ρ¯) dΩ =
(
∂2
∂ρ¯2zx
)
i
∫
Ωe
g(ρ¯) dΩ
=
4
E
(1 + ν)Wi detJ (B.37)
The other components of
∂2
∂ρ¯
∫
Ωe
g(ρ¯) dΩ are equal to zeros.
BIBLIOGRAPHY 149
Bibliography
[1] Aboudi A.J., Sloan S.W.: A smooth hyperbolic approximation to the
Mohr-Coulomb yield criterion. Computers and Structures, 54: 427–441,
1995.
[2] Alwis W.A.M., Grundy P.: On the carrying capacity of rectangular
plates under moving loads. Int. J. Mech. Sci., 27: 187–197, 1985.
[3] Anderson I.A., Collin I.F.: Plane strain stress distributions in discrete
and blended coated solids under normal and sliding contact. Wear, 185: 23–
33, 1995.
[4] Bathe K.J., Snyder M.D., Cimento A.P., Rolph W.D.: On some
current procedures and difficulties in finite element analysis of elastic-plastic
response. Computers & Structures, 12: 607–624, 1980.
[5] Belystchko T.: Plane stress shakedown analysis by finite elements. Int.
J. Mech. Sci., 14: 619–625, 1972.
[6] Bocciarelli M., Cocchetti G., Maier G.: Shakedown analysis of
train wheels by Fourier series and nonlinear programming. Eng. Struc.,
26: 455–470, 2004.
[7] Boulbibane M.: Application de la theorie d’adaptation aux milieux elas-
toplastiques non-standards: cas des geomateriaux. PhD thesis, University
of Science and Technology of Lille, France, (in French), 1995.
[8] Boulbibane M., Ponter A.R.S.: Shakedown analysis and stability of
pavement structures. In: Research report, 2003.
[9] Boulbibane M., Weichert D.: Application of shakedown theory to soils
with non-associated flow rules. Mech. Res. Commun., 24: 516–519, 1997.
[10] Boulbibane M., Collins I.F., Weichert D., Raad L.: Shakedown
analysis of anisotropic asphalt concrete pavements with clay subgrade. Can.
Geotech. J., 37: 882–889, 2000.
150 BIBLIOGRAPHY
[11] Bower A.F., Johnson K.L.: Plastic flow and shakedown of the rail
surface in repeated wheel-rail contact. Wear, 144: 1–18, 1991.
[12] Brannon R. M.: Functional and Structured Tensor Analysis for Engi-
neers. A casual (intuition-based) introduction to vector and tensor analysis
with reviews of popular notations used in contemporary materials modeling.
University of New Mexico, Albuquerque, 2003.
[13] Brown S.F.: Soil mechanics in pavement engineering. Ge´otechnique,
46: 383–426, 1996.
[14] Byrd R.H., Gilbert J.Ch., Nocedal J.: A trust region method based
on interior point techniques for nonlinear programming. Mathematical Pro-
gramming, 89: 149–185, 2000.
[15] Chen W.F.: Limit analysis and soil plasticity. Elsevier Scientific Publish-
ing Company, 1975.
[16] Chen W.F., Han D.J.: Plasticity for structural engineers. Springer-
Verlag New York Inc., 1988.
[17] Christiansen E.: Limit analysis of collapse states. In: Ciarlet P. G.,
Lions J. L. (editor): Handbook of Numerical Analysis, volume 4, pages
193–312. North-Holland, Amsterdam, 1996.
[18] Christiansen F., Andersen K.D.: Computation of collapse states with
von Mises type yield condition. Int. J. Num. Meth. Eng., 46: 1185–1202,
1999.
[19] Ciavarella M., Cirilli A., Demelio G.P.: Upper Bound per il limite
di shakedown nel rolling and sliding contact. In: Convegno Nazionale AIAS
- Alghero (SS) (in Italian), pages 141–153, 2001.
[20] Cocchetti G., Maier G.: Static shakedown theorems in piecewise lin-
earized poroplasticity. Arch. Appl. Mech., 68: 651–661, 1998.
[21] Collins I.F., Boulbibane M.: Pavements as structures subject to re-
peated loadings. In: Gzebieta, Al-Mahaidi, Wilson (editor): The Me-
chanics of Structures and Materials, pages 511–516. Balkema, Rotterdam,
1997.
BIBLIOGRAPHY 151
[22] Collins I.F., Boulbibane M.: Geomechanical analysis of unbound pave-
ments based on shakedown theory. J. Geotech. Geoenviron. Eng. ASCE,
126: 50–59, 2000a.
[23] Collins I.F., Boulbibane M.: Shakedown under moving loads with ap-
plication to pavement design and wear. In: Smith, Carter (editor): De-
velopments in Theoretical Geomechanics, pages 1–20. Balkema, Rotterdam,
2000b.
[24] Collins I.F., Cliffe P.F.: Shakedown in frictional materials under mov-
ing surface loads. Int. J. Numer. Anal. Meth. Geomech, 11: 409–420, 1987.
[25] Collins I.F., Wang A.P., Saunders L.R.: Shakedown in layered pave-
ments under moving surface loads. Int. J. Numer. Anal. Meth. Geomech,
17: 165–174, 1993.
[26] Dang Ky Van, Maitournam M.H.: Elastoplastic calculations of me-
chanical state in alternative contacts: application to fretting fatigue. In:
Waterhouse, R.B and T.C Lindley (editors): Fretting fatigue ESIS
18, pages 161–168. Mechanical Engineering, London, 1994.
[27] Dang Ky Van, Maitournam M.H., Prasil B.: Elastoplastic analysis
of repeated moving contact. Application to railways damage phenomena.
Wear, 1996: 77–81, 1996.
[28] Desai C.S.: Mechanics of materials and interface: the disturbed state con-
cept. CRC Press, LCC, New York, 2001.
[29] Dorosz S.: Note on displacement in shakedown of elastic-plastic-creeping
structures. Arch. Mech., 37: 337–341, 1985.
[30] Dorosz S.: Influence of cyclic creep on the upper bound to shakedown in-
elastic deflections. In: Mro´z Z., Weichert D., Dorosz S. (editor): In-
elastic behaviour of structures under variable loads, pages 169–181. Kluwer
Academic Publishers, 1995.
[31] Ertz M., Knothe K.: Thermal stresses and shakedown in wheel/rail
contact. Arch. Appl. Mech., 72: 715–729, 2003.
[32] Fiacco A.V., McCormick: Nonlinear Programming Sequential Uncon-
strained Minimization Techniques. John Wiley and Sons, Inc., 1968.
152 BIBLIOGRAPHY
[33] Garcia-Rojo R., Herrmann H.J.: Shakedown of unbound granular ma-
terial. In: Granma, 2004.
[34] Giese H., Weichert D., Gross-Weege J., Raad L.: Anwendung
der Einspieltheorie auf Probleme der Bodenmechanik. ZAMM, 70: 251–252,
1990.
[35] Gokhfeld D.A., Cherniavski O.F.: Limit analysis at thermal cycling.
In: Groningen: Sijthoff and Noordhoff, 1980.
[36] Halphen B., Nguyen Quoc Son: Sur les mate´riaux standards
ge´ne´ralise´s. Journal de Me´chanique, 14: 39–63, 1975.
[37] Hamilton G.M.: Explicit equations for the stresses beneath a sliding
spherical contact. In: Proc. Instn. Mech. Engrs., volume 197C, pages 53–59,
1983.
[38] Hjiaj M., Fortin J., de Saxce G.: A complete stress update algo-
rithm for the non-associated Drucker-Prager model including treatment of
the apex. Int. J. Eng. Sci., 41: 1109–1143, 2003.
[39] Ho¨eg K., Christian J.T., Whitman R.V.: Settlement of strip load
on elastic-plastic soil. In: J. Soil Mech. Foun. Division, Proc. American
Society Civil Engineers, pages 431–445, 1968.
[40] Johnson K.L.: A shakedown limit in rolling contact. In: Proceedings of
the Fourth US National Congress of Applied Mechanics, Berkeley, ASME,
page 288, 1962.
[41] Johnson K.L.: Inelastic contact: plastic flow and shakedown. In: Con-
tact Mechanics and Wear of Rail/Wheel Systems, pages 79–101. Univ. of
Waterloo Press, 1982.
[42] Johnson K.L.: Contact mechanics. Cambridge University Press, 1985.
[43] Johnson K.L.: The application of shakedown principles in rolling and
sliding contact. Eur. J. Mech. A/Solids, 11: 155–172, 1992.
[44] Johnson K.L., Jeffries J.A.: Plastic flow and residual stresses in
rolling and sliding contact. In: Proc. Inst. Mech. Engrs., Symp. on Rolling
Contact Fatigue, London, page 50, 1963.
BIBLIOGRAPHY 153
[45] Kapoor A., Johnson K.L.: Effect of changes in contact geometry on
shakedown of surfaces in rolling/sliding contact. Int. J. Mech. Sci, 34: 223–
239, 1992.
[46] Kapoor A., Williams J.A.: Shakedown limits in sliding contacts on a
surface-hardened halfspace. Wear, 172: 107–206, 1994.
[47] Koiter W.T.: A New General Theorem on Shakedown of Elastic-Plastic
Structures. In: Proc. K. Ned. Akad. Wet., volume B59, pages 24–34, 1956.
[48] Koiter W.T.: General theorems for elastic-plastic solids. In: Sneddon
I.N., Hill R. (editor): Progress in Solid Mechanics, pages 165–221. Am-
sterdam: North Holland, 1960.
[49] Ko¨nig J.A.: Shakedown of elastic-plastic structures. Amsterdam: Elsevier,
1987.
[50] Ko¨nig J.A., Kleiber M.: On a new method of shakedown analysis. Bull.
Acad. Pol. Sci,. Ser. Sci. Techn., 4: 165–171, 1978.
[51] Kulkarni S.M., Hahn G.T., Rubin C.A., Bhargava V.: Finite el-
ement analysis of three-dimensional, pure rolling contact at the shakedown
limit. J. App. Mech., 57: 57–65, 1990.
[52] Kunert K.: Spannungsverteilung im Halbraum bei elliptischer Fla¨chen-
pressungsverteilung u¨ber einer rechteckigen Druckfla¨che. Sitzungberichte
der Akd. d. Wiss. Wien (Ser. 2A) Forschung auf dem Gebiete des Inge-
nieurwesens, 27: 165–174, 1961.
[53] Lade P.V., Duncan J.M.: Stress-path dependent behaviour of cohesion-
less soil. J. Geotech. Geoenviron. Eng. ASCE, 102: 51–68, 1976.
[54] Lekarp F., Isacsson U., Dawson A.: State of the Art. I: Resilient
response of unbound aggregates. J. Transportation Eng., 126: 66–75, 2000a.
[55] Lekarp F., Isacsson U., Dawson A.: State of the Art. II: Permanent
strain response of unbound aggregates. J. Transportation Eng., 126: 76–83,
2000b.
[56] Liu X., Sarpas A. and Blaauwendraad J.: Numerical modelling of
nonlinear response of soil. Part 2: Strain localization investigation on sand.
Int. J. Solids Structures, 42: 1883–1907, 2005b.
154 BIBLIOGRAPHY
[57] Liu X., Cheng X.H., Sarpas A. and Blaauwendraad J.: Numerical
modelling of nonlinear response of soil. Part 1: Constitute model. Int. J.
Solids Structures, 42: 1849–1881, 2005a.
[58] Melan E.: Theorie statisch unbestimmter Systeme aus ideal-plastischem
Baustoff. Akad. d. Wiss. Wien, IIa: 145–195, 1936.
[59] Melan E.: Der Spannungszustand eines Henky-Mise schen Kontinuums
bei Vera¨nderlicher Belastung. Akad. d. Wiss. Wien, 147: 73, 1938.
[60] Monismith C. L., Inkabi K., R. Freeme, McLean D.B.: A subsys-
tem to predict ruuting in asphalt concrete pavement structures. In: Fourth
International Conference on the Structural Design of Asphalt Pavements,
pages 529–139. Univ. of Michigan, 1977.
[61] Monismith C. L., S.F. Brown: Developments in the structural design
and rehabilitation of asphalt pavements over three quaters of a century. In:
Assoc. of asphalt paving tech., volume 68A, pages 128–251, 1999.
[62] Morelle P.: Analyse duale de l’adaptation plastique des structures par la
me´thode des e´le´ments finis et la programmation mathe´matique. PhD thesis,
Lie`ge, Belgium, (in French), 1989.
[63] Morelle P.: Etude expe´rimentale et nume´rique (par e´le´ments finis) de
l’adaptation plastique (shakedown) des structures minces axisyme´trique.
PhD thesis, travail de fin d’e´tude, Liege, Belgium, (in French), 1989.
[64] Morelle P., Nguyen Dang Hung: Etude nume¨rique de l’adaptation
plastique des plaques et des coques de re¨volution par les e¨le¨ments finis
d’e¨quilibre. J. Me¨ca. The¨or. et Appl., 2: 567–599, 1983.
[65] Mouhtamid S.: Private communication: mouhtami@iam.rwth-aachen.de.
[66] Nayak G.C., Zienkiewicz O.C.: Conventional form of stress invariants
for plasticity. Journal of Structural Division, Proc. American Society Civil
Engineers, 98: 949–954, 1972.
[67] Nayroles B., Weichert D.: La notion de sanctuaire d’e´lasticite´ et
l’adaptation des structures. C.R. de l’Acad. Sci. Paris, 316, Se´rie II: 1493–
1498, 1992.
BIBLIOGRAPHY 155
[68] Nguyen Dang Hung: A finite element formulation for shakedown prob-
lems using a yield criterion of the mean. Comput. Methods Appl. Mech.
Engng., 8: 179–192, 1976.
[69] Nguyen Dang Hung: Comple´ments de me´canique des solides. Note de
course, Universite´ de Lie`ge, 1989.
[70] Pande G.N.: Shakedown of foundations subjected to Cyclic loads. In:
G.N. Pande, O.C. Zienkiewicz (editor): Soil Mechanics-Transient and
Cyclic Loads, pages 469–489. John Wiley, Sons Ltd, 1982.
[71] Pastor F., Loute E.: Solving limit analysis problems: An interior-point
method. Communications in numerical methods in engineering, 21: 631–642,
2005.
[72] Ponter A.R.S.: A general shakedown theorem for elastic/plastic bodies
with work hardening. In: 3rd Int. Conf. on structural Mechanics in Reactor
Tech. London, 1976.
[73] Ponter A.R.S., Chen H.F.: Direct methods for limits in plasticity. Arch.
Mech., 57:171–187, 2005b.
[74] Ponter A.R.S., Chen H.F., Ciavarella M., Specchia G.: Shake-
down analyses for rolling and sliding contact problems. Int. J. Solids Struc-
tures, Article in press, 2005a.
[75] Ponter A.R.S., Fuschi P., Engelhardt M.: Limit analysis for a gen-
eral class of yield conditions. Eur. J. Mech. A Solids, 19: 401–421, 2000.
[76] Ponter A.R.S., Hearle A.D., Johnson K.L.: Application of the kine-
matical shakedown theorem to rolling and sliding point contacts. J. Mech.
Phys. Solids, 33: 339–362, 1985.
[77] Ponter A.R.S., Karadeniz S.: An extended shakedown theory for struc-
tures that suffer cyclic thermal loading. J. Appl. Mech. ASME, 52: 877–889,
1985.
[78] Potts D.M., Zdravkoic Lidija: Finite element analysis in geotechnical
engineering, volume 1,2. Thomas Telford, 1999.
[79] Pycko S., Maier G.: Shakedown theorems for some classes of nonasso-
ciative hardening elastic-plastic material models. Int. J. Plast., 11: 367–395,
1995.
156 BIBLIOGRAPHY
[80] Raad L., Weichert D., Haidar A.: Analysis of full-depth asphalt con-
crete pavements using shakedown theory. Transport. Res. Rec., 1227: 53–65,
1989a.
[81] Raad L., Weichert D., Najm W.: Stability of multilayer systems under
repeated loads. Transport. Res. Rec., 1207: 181–186, 1988.
[82] Raad L., Weichert D.: Stability of pavement structures under long term
repeated loading. In:Mro´z Z., Weichert D., Dorosz S. (editor): Inelas-
tic Behaviour of Structures under Variable Loads, pages 473–496. Kluwer
Academic Publisher, 1995.
[83] Raad L., Najm W., Weichert D., Gross-Weege J.: Application of
shakedown theory in soil mechanics. ZAMM, 69: 482–483, 1989b.
[84] Radovsky B.S., Murashina N.V.: Shakedown of subgrade soil under
repeated loading. Transport. Res. Rec., 1547: 82–88, 1996.
[85] Sandler I.S., DiMaggio F.L, Baladi G.Y.: Generalized cap model
for geological materials. J. Geotech. Eng. Div., ASCE, 102(GT7): 683–699,
1976.
[86] Seed H.B., Chan C.K., Lee C.E.: Resilience characteristics of subgrade
soils and their relation to fatigue failures. In: Proc. Int. Conf. Structural
Design of Asphaltic Pavements, pages 611–636. Ann Arbor, 1962.
[87] Sharp R.W.: Shakedown analysis and design of pavements. PhD thesis,
University of Sydney, Australia, 1983.
[88] Sharp R.W., Booker J.R.: Shakedown of pavements under moving sur-
face loads. J. Transp. Eng. ASCE, 110: 1–14, 1984.
[89] Shiau S.H.: Numerical methods for shakedown analysis of pavements. PhD
thesis, The University of Newcastle, Australia, 2001.
[90] Shiau S.H., Yu H.S.: Load and displacement prediction for shakedown
analysis of layered pavements. Transport. Res. Rec, 1730: 117–124, 2000a.
[91] Shiau S.H., Yu H.S.: Shakedown analysis of flexible pavements. In: D.W.
Smith, J.P. Carter (editor): Proc. of the John Booker Memorial Sym-
posium, pages 643–653. Sydney, Australia: University of Sydney, 2000b.
BIBLIOGRAPHY 157
[92] Simo J.C., Hughes T.J.R: Computational Inelasticity. Springer-Verlag
New York Inc., 1988.
[93] Sloan S.W., Booker J.R.: Removal of singularities in Tresca and Mohr-
Coulomb yield functions. Communications in Applied Numerical Methods,
2: 173–179, 1986.
[94] Stein E., Zhang G., Huang Y.:Modeling and computation of shakedown
problems for nonlinear hardening materials. Comput. Methods Appl. Mech.
Engng., 103: 247–272, 1993.
[95] Stein E., Huang Y.J.: Shakedown for systems of kinematic hardening
materials. In: Mro´z Z., Weichert D., Dorosz S. (editor): Inelastic
behaviour of structures under variable loads, pages 33–50. Kluwer Academic
Publishers, 1995.
[96] Tritsch J.-B., Weichert D.: Case studies on the influence of geometric
effects on the shakedown of structures. In: Mroz Z. et al. (editor): In-
elastic behavior of structures under variable loads, pages 309–320. Kluwer
Academic Pulishers, Netherlands, 1995.
[97] Vu Duc Khoi: Dual limit and shakedown analysis of structures. PhD
thesis, University of Liege, 2001.
[98] Waechter A., Biegler L.T.: Global and local convergence of line search
filter methods for nonlinear programming. In: Technical report CAPD B-
01-09, 1998.
[99] Waechter A., Biegler L.T.: On the Implementation of an Interior-
Point Filter Line-Search Algorithm for Large-Scale Nonlinear Program-
ming. In: Research Report, IBM T. J. Watson Research Center, Yorktown,
USA, (March 2004 - accepted for publication in Mathematical Program-
ming), 2004.
[100] Waechter A., Biegler L.T.: Global and Local Convergence of a Reduced
Space Quasi-Newton Barrier Algorithm for Large-Scale Nonlinear Program-
ming. In: CAPD Technical Report B-00-06, Carnegie Mellon Univeristy,
August 2000.
[101] Weichert D., Gross-Weege J.: The numerical assessment of elastic-
plastic sheets under variable mechanical and thermal loads using a simplified
two-surface yield condition. Int. J. Mech. Sci., 30: 757–767, 1988.
158 BIBLIOGRAPHY
[102] Weichert D., Hachemi A.: Advanced material modelling in shakedown
theory. In:Weichert D., Maier G. (editor): Inelastic behaviour of struc-
tures under variable repeated loads: Direct analysis methods, pages 203–227.
Springer: Wien, New York, 2002.
[103] Weichert D., Hachemi A.: Application of shakedown theory and numer-
ical methods. In: Weichert D., Maier G. (editor): Inelastic behaviour
of structures under variable repeated loads: Direct analysis methods, pages
239–265. Springer: Wien, New York, 2002.
[104] Weichert D., Hachemi A.: Shakedown of thin-walled structures with
geometrical non-linear effects. In: Weichert D., Maier G. (editor): In-
elastic behaviour of structures under variable repeated loads: Direct analysis
methods, pages 229–238. Springer: Wien, New York, 2002.
[105] Weichert D., Gross-Weege J., Raad L., Najm W.: Numerical ap-
plication of shakedown theory to non-linear transportation support systems.
ZAMM, 69: 485–486, 1989.
[106] Wermeister S., Numrich R., Dawson Andrew R., Wellner F.:
Deformation behavior of granular material under repeated dynamic load. In:
Environmental Geomechechanics. Monte Verita, 2002.
[107] Wermeister S., Dawson Andrew R., Frohmut Wellner: Pave-
ment deformation behavior of granular materials and the shakedown con-
cept. In: Transportation Research Board. Washington D.C, 2001.
[108] White T.D., Zaghloul S.M., Smith D.M.: Pavement analysis for mov-
ing aircraft load. J. Transportation Eng., 123: 436–446, 1997.
[109] Wong S.K., Kapoor A., Williams J.A.: Shakedown limits on coated
and engineered surfaces. Wear, 203-204: 162–167, 1997.
[110] Yan Ai-Min: Contributions to the direct limit state analysis of plastified
and cracked structures. PhD thesis, University Lie`ge, Belgium, 1999.
[111] Yang H. Huang: Pavement Analysis and Design. Prentice Hall, 1993.
[112] Yu H.S.: Three dimensional analytical solutions for shakedown of cohesive-
frictinal materials under moving surface loads. In: Proc. Roy. Soc. (A),
London, volume 461, pages 1951–1964, 2005.
References 159
[113] Yu H.S., Hossain M.Z.: Lower bound shakedown analysis of layered pave-
ments using discontinuous stress fields. Comput. Methods Appl. Mech.
Engng., 167: 209–222, 1998.
[114] Zhang T., Raad L.: An eigen-mode method in kinematic shakedown anal-
ysis. Int. J. Plast., 18: 71–90, 2002.
[115] Zienkiewicz O.C., Pande G.N.: Some useful forms of isotropic yield
surfaces for soil and rock mechanics. In: Gudehus G. (editor): Finite
Elements in Geomechanics, Wiley, Chichester, pages 179–190, 1977.
[116] Zienkiewicz O.C., Taylor R.L., Zhu J.Z.: A finite element program:
Personal Version (FEAPpv) http://www.ce.berkeley.edu/ rlt/feappv/. Uni-
versity of California, Berkeley, 2006.
160
Lebenslauf
Name An Danh Nguyen
Geboren 04.01.1975 in Can Tho, Vietnam
Eltern An Thoi Nguyen, Thanh Chau Nguyen
Frau, Sohn Bach Tuyet Trinh, Khang Ninh Nguyen
Schulen 09.1980 - 06.1985 Grundschule Vinh Phuoc I,
Sadec, Vietnam
09.1985 - 06.1989 Grundschule Vinh Phuoc II,
Sadec, Vietnam
09.1989 - 06.1992 Abiturschule Sadec, Vietnam
Abschluss Arbitur
Studium 09.1992 - 09.1997 Bauwesen,
Universita¨t fu¨r Architektur
Hochiminh Stadt, Vietnam
Abschluss Diplom-Ingenieur
12.1997 - 04.2000 Mechanik von Konstruktion
Universita¨t Liege, Belgien
Abschluss Master of Science
10.2003 - 05.2007 Angewandte Mechanik
RWTH-Aachen Universita¨t
Abschluss Doktor-Ingenieur
Beruf 10.1997 - 07.2003 Dozent
an der Architektur Universita¨t
Hochiminh Stadt, Vietnam
Institut fu¨r Boden Mechanik
und Grundbau
Beruf 08.2002 - 07.2003 Mitarbeiter an Rechenszentrum
der Polytechnik Universita¨t
Hochiminh Stadt, Vietnam
Lehre Berechnung der Struktur
12.1997 - 08.2003 Bauingeniuer (Nebenta¨tigkeit)
Gefu¨gedesign von Geba¨uden,
Betreuung von Stahl- und
Betongeba¨uden
10.2006 - 03.2007 Wissenschaftliche Hilfskraft
an der RWTH-Aachen Universita¨t,
Fakulta¨t fu¨r Maschinenwesen,
Institut fu¨r Allgemeine Mechanik
10.2007 - 01.2008 Wissenschaftliche Hilfskraft
an der RWTH-Aachen Universita¨t,
Fakulta¨t fu¨r Maschinenwesen,
Institut fu¨r Allgemeine Mechanik
Postdoktor
